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FOREWORD 


Gravitation,  the  all-pervading  interaction,  brought  together  scientists  from  the  leading 
research  institutes  of  the  country  and  the  result  of  this  interaction  was  a  joint 
Workshop  which  was  held  at  Ahmedabad,  18—20  January  1982.  It  is  a  matter  of  joy 
and  satisfaction  to  note  that  this  is  the  second  occasion  that  the  Physical  Research 
Laboratory,  the  Tata  Institute  of  Fundamental  Research  and  the  Raman  Research 
Institute  have  jointly  sponsored  a  meeting  on  gravitation,  relativity  and  allied  topics, 
the  earlier  occasion  being  the  Einstein  Centenary  Symposium  held  in  1979.  As  in  the 
previous  occasion,  the  venture  was  supported  by  the  Indian  National  Science  Academy 
and  the  University  Grants  Commission.  This  Workshop  held  during  January  1982  was 
the  first  of  its  kind  in  the  country  and  no  doubt  there  will  be  many  more  to  follow. 

The  Indian  Academy  of  Sciences  kindly  consented  to  print  the  proceedings  of  this 
Workshop  in  a  book  form,  what  is  now  in  your  hands.  As  the  articles  show,  the 
treatment  of  the  topics  was  both  highly  specialised  and  topical.  An  unique  aspect  of 
this  Workshop  is  that  this  is  the  first  time  that  astrophysicists,  general  relativists  and 
field  theorists  have  met  together  to  discuss  problems  of  possible  mutual  interest.  This 
interaction  proved  rewarding,  and  as  was  emphasised  by  the  organisers  at  the  meeting, 
it  is  desired  that  this  collaboration  will  continue  and  spread  to  many  other  areas  of 
current  research  paving  the  way  for  a  better  understanding  of  the  Universe  around  us. 

D  Lai 

Physical  Research  Laboratory 

Ahmedabad 


v 


PREFACE  AND  ACKNOWLEDGEMENTS 


Gravitation  and  relativistic  astrophysics  are  two  of  the  most  active  and  exciting  fields 
of  research  today.  The  Workshop  that  was  organised  at  the  Physical  Research 
Laboratory,  Ahmedabad  during  January  18-20,  1982,  concentrated  on  various 
aspects  related  to  these  subjects.  The  purpose  of  the  Workshop  was  to  offer  an  overall 
view  of  different  topics  as  well  as  to  familiarise  the  interested  scientists  with  some  of  the 
details  of  recent  developments.  The  participants  in  the  Workshop  were  mainly  experts 
and  students  in  various  interwoven  disciplines  like  general  relativity,  field  theory, 
astrophysics  and  cosmology.  The  proceedings  of  the  Workshop  consisted  only  of 
invited  lectures  divided  into  five  sessions  dealing  with  (1)  Gravitation  as  Gauge 
Theory,  (2)  Gravitational  Collapse,  (3)  Accretion  Disk  Dynamics,  (4)  Classical 
Cosmology  and  (5)  Quantum  Cosmology.  Some  of  the  lectures  were  general  reviews 
while  the  others  emphasised  the  methodology  and  results  of  specific  investigations. 
Sufficient  time  was  devoted  to  discussions  after  each  lecture. 

The  present  volume  is  a  record  of  the  lectures  presented  at  the  Workshop  including 
some  of  the  discussions  that  followed.  The  material  has  been  arranged  according  to  the 
same  classification  as  was  followed  at  the  meeting.  At  the  beginning  of  each  section  a 
brief  outline  of  the  material  covered  in  the  lectures  is  provided.  It  should  be  clear 
from  the  articles  and  the  discussions  that  many  unresolved  problems  and  open 
issues  were  considered  at  the  Workshop.  Some  of  these  still  remain  a  challenge  to 
physicists  while  new  ones  have  inevitably  been  created  in  the  meantime.  The  Workshop 
in  fact  marked  only  a  beginning  of  fruitful  discussions  of  such  problems  among 
scientists  with  common  interests.  We  hope  that  more  such  meetings  will  follow  in  the 
future  perhaps  to  consider  each  of  the  topics  individually  in  greater  depth  and  detail. 

It  is  a  great  pleasure  to  thank  the  sponsoring  institutes — the  Physical  Research 
Laboratory,  Ahmedabad,  the  Raman  Research  Institute,  Bangalore,  and  the  Tata 
Institute  of  Fundamental  Research,  Bombay  as  well  as  the  Indian  National  Science 
Academy  and  the  University  Grants  Commission  for  their  generous  grants  which 
made  the  Workshop  possible. 

We  are  indebted  to  all  the  speakers  and  participants  and  in  particular  to  Professor 
P.  C.  Vaidya  for  writing  the  introduction  to  the  section  on  classical  cosmology.  We 
wish  to  express  our  sincere  appreciation  for  the  valuable  help  rendered  by  many  of  our 
colleagues  at  various  stages  in  both  scientific  and  administrative  matters. 

We  are  grateful  to  the  Indian  Academy  of  Sciences  for  undertaking  the  publication 
of  this  volume. 


A.  R.  Prasanna 
J.  V.  Narlikar 
C.  V.  Vishveshwara 


vi 


CONTENTS 


Foreword 

vi 

Preface  and  acknowledgements 

I.  GRAVITATION  AS  A  GAUGE  THEORY  1 

Introduction 

N  MUKUNDA:  Gauge  approach  to  classical  gravity  3 

T  PRADHAN:  Gauging  the  Lorentz  group  and  long  range  interaction 
between  spins  17 

PARTHASARATHI  MAJUMDAR:  Introduction  to  supergravity  23 

II.  GRAVITATIONAL  COLLAPSE  39 

Introduction  39 

B  BANERJEE:  Equations  of  state,  neutrinos  and  supernova  explosions  41 

C  V  VISHVESHWARA:  General  relativity  and  gravitational  collapse  43 

B  R  IYER:  Core  envelope  models  of  collapsed  objects  47 

S  V  DHURANDHAR:  Neutrinos  in  gravitational  collapse  59 

III  ACCRETION  DISK  DYNAMICS  77 

Introduction  77 

A  R  PRASANNA:  Accretion  disks  around  compact  objects  with  self- 
consistent  electromagnetic  fields  79 

D  K  CHAKRABORTY:  Structure  and  stability  of  thick  disks  around 
black  hole  95 

IV.  CLASSICAL  COSMOLOGY  1 1 1 

Introduction  j  \  j 

A  K  RAYCHAUDHURI:  Some  outstanding  problems  in  cosmology  113 
M  A  MELVIN:  Axial  and  skew-axial  homogeneous  cosmologies  121 

P  C  VAIDYA:  Rotating  systems  in  cosmological  background  125 

V.  QUANTUM  COSMOLOGY  133 

Introduction  j^3 

JAYANT  V  NARLIKAR:  Quantum  fluctuations  near  the  classical 
space-time  singularity  1 3^ 

T  PADMANABHAN:  Stationary  states  in  quantum  cosmology  145 


vii 


§  I.  GRAVITATION  AS  A  GAUGE  THEORY 


INTRODUCTION 

Gravitation,  the  most  fundamental  of  all  the  forces  in  Nature,  governs  the  entire 
Universe  through  its  manifestation  as  curvature  of  space-time.  As  a  description  of  the 
macrocosom  though  gravitation  has  been  perfectly  well  described  through  the 
geometry  of  the  manifold,  it  has  still  not  been  possible  to  get  a  proper  description  of 
gravitation  in  the  microworld.  However  attempts  have  been  made  at  various  stages  to 
get  a  theory  of  Quantum  Gravity  but  none  could  be  said  as  in  the  right  direction  except 
possibly  the  gauge  group  description  of  gravitation.  If  one  considers  the  other 
interactions  in  Nature,  it  is  now  well  established  that  the  electroweak  interaction  is  a 
gauge  theory  and  the  unification  of  electroweak  with  strong  interaction  also  is  a  gauge 
theory.  With  this  in  background  if  one  looks  for  a  possible  unification  of  all  the  four 
interactions  the  basic  structure  that  underlies  could  be  a  gauge  group.  Hence  it  is  not 
just  fortutitous  that  gravitation  by  itself  is  a  gauge  theory  with  the  Poincare  group 
acting  as  the  gauge  group.  But  the  only  hurdle  in  this  has  been  the  physical 
understanding  of  the  role  of  the  invariants  associated  with  the  Lie  algebra  of  this  group, 
when  one  considers  the  general  covariance.  As  far  as  the  Poincare  group  is  concerned,  if 
it  is  the  complete  symmetry  group  of  the  manifold  in  the  sense  of  having  a  global  inertial 
frame  then  it  is  very  clear  that  the  invariants  associated  with  its  Lie  algebra  represent 
mass  and  spin  of  the  elementary  particle.  But  then  we  do  not  have  gravitation  in  that 
manifold.  Once  we  introduce  gravitation  and  the  general  covariance  treating  Poincare 
group  as  the  local  gauge  group  one  will  now  have  in  principle,  curvature  and  torsion  of 
the  manifold  both  non-zero.  Whereas  curvature  represents  the  energy-momentum  of 
the  system,  it  is  not  clear  as  to  the  role  ot  torsion.  If  one  takes  in  the  point  of  view  that 
torsion  represents  the  spin-spin  contact  interaction  then  in  the  framework  of  general 
relativity  one  would  get  this  interaction  in  the  Lagrangian  with  a  coupling  constant  k2 
wherein  k  ^  10  39,  and  thus  completely  negligible.  Apart  from  this  it  has  also  been 
pointed  out  that  torsion  being  not  determined  by  the  metric  does  not  represent  any  new 
topological  invariant  of  the  manifold  and  hence  may  not  be  significant  at  all. 

With  this  in  the  background  it  is  obvious  that  one  should  consider  in  detail  the  aspects 
of  gravity  as  a  gauge  theory  and  get  a  complete  understanding  of  the  associated  elements 
o  the  space-time  manifold.  In  this  papers  and  discussion  that  follows,  some  of  the  basic 
features  of  gravity  as  a  gauge  theory  have  been  presented.  It  begins  with  a  masterly 
introducti°n  to  the  gauge  approach  to  classical  gravity  a  la  Utiyama  and  Kibble, 
ollowed  by  a  new  attempt  to  understand  long  range  spin-spin  interaction.  Finally  a 
lucid  introduction  to  supergravity— a  theory  attempting  to  treat  gravitation  both  at 
classical  and  quantum  level — is  presented. 

It  is  clear  that  there  are  a  number  of  unsolved  problems  in  this  fertile  field  as  is  borne 
out  in  the  discussions. 
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1.  Introduction 

The  purpose  of  this  paper  is  to  give  a  pedagogical  introduction  to  the  treatment  of 
gravitation  theory  as  a  gauge  theory,  covering  essentially  the  two  early  and  well-known 
papers  of  Utiyama  (1956)  and  Kibble  (1961).  The  basic  idea  is  to  apply  to  the  Poincare 
group  the  same  kind  of  gauge  principle  that  leads,  in  the  case  of  a  non-Abelian  internal 
symmetry,  to  the  well-known  Yang-Mills  theory.  One  starts  with  a  Lagrangian  density 
Lm  describing  the  dynamics  of  a  set  of  matter  fields  </>,  and  possessing  invariance  either 
under  an  internal  symmetry  group  G  or  the  Poincar6  group  &  as  the  case  may  be.  One 
then  alters  LM  in  a  minimal  way,  with  the  introduction  of  suitable  new  fields,  to  achieve 
invariance  under  the  gauged  versions  G',  of  G,  &  corresponding  to  making  the 
parameters  of  G,  &  arbitrary  functions  of  space-time.  Finally  one  examines  possible 
forms  for  the  free  Lagrangian  for  the  new  fields  introduced  in  this  process,  and  analyses 
the  structure  and  consistency  of  the  new  field  equations. 

2.  Gauging  an  internal  symmetry  group — Yang-Mills  theory 

Consider  a  multiplet  of  matter  fields  </>(x)  belonging  to  some  representation  of  a  semi¬ 
simple  compact  Lie  group  G;  and  whose  dynamics,  described  by  a  matter  Lagrangian 
density  LM  ((/>;  d ^0),  is  invariant  under  G  by  virtue  of  the  invariance  of  LM  itself.  Let  the 
action  of  an  infinitesimal  element  of  G  on  </>(x)  be  given  by  the  equations 


<5</>(x)  =  eaTa<P(x)- 


(1) 


Here  e  ,  a  =  1,  2,  .  .  .  ,  n  are  the  parameters  ot  the  infinitesimal  transformation  and  Ta 
are  the  generator  matrices  for  the  representation  of  G  to  which  </>  belongs.  For  the  space- 
time  derivatives  of  <fi(x)  one  has  the  transformation  law 

=  ?TJb  >(*).  (2) 

The  invariance  of  LM(cp\  d(f>)  under  (1)  and  (2)  implies  n  identities  characterising  the 
functional  form  of  LM;  they  can  be  stated  as 

<5Cm(</>;  £</>)-=  0  => 


(3) 


where  in  the  last  line  the  arguments  (f>ft  need  not  be  the  space-time  derivatives  of  <f>  but 
can  be  anything  at  all. 
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The  transformation  (1)  corresponding  to  an  internal  symmetry  is  very  much  like  a 
point  transformation  in  mechanics  in  that  the  change  in  </>  involves  (p  alone,  not  the 
derivatives  of  </>. 

To  gauge  the  group  G  and  arrive  at  an  extended  group  G'  is  to  make  the  parameters  ea 
arbitrary  independent  functions  of  space-time.  While  the  change  in  </>  under  G'  is  still 
given  by  (1),  the  change  in  d(p  now  has  an  extra  piece  when  compared  to  (2): 


<5(\</>(x)  =  £Tay(x)  +  a/Ti(4  (4) 

This  extra  piece,  however,  involves  (p  and  not  d(p.  The  original  Lagrangian  density 
LM((p ;  d(p)  is  naturally  not  expected  to  be  invariant  under  G';  indeed  we  find 


SLM((P;d(f>)  =  J^dtiea, 

dLM{(p\  d<p) 

J,  =  — 


(5) 


The  n  currents  are  conserved  in  the  G-invariant  theory. 

What  must  be  done  to  get  a  new  matter  Lagrangian  invariant  under  G'?  Recognising 
that  in  the  identities  (3),  (pfl  need  not  be  d^(p,  and  that  in  (4)  the  extra  piece  is  linear  in  </>, 
we  can  see:  if  we  can  construct  a  modified  derivative  D^cp,  differing  from  d^<p  by  terms 


linear  in  (p ,  and  transforming  under  G'  via 

SD^  =  caTaDJ,  (6) 

then  LM((p\  D(p)  will  be  G'-invariant.  The  way  to  do  this  is  to  introduce  4n  new  fields 
A^(x) — the  Yang-Mills  gauge  potentials — and  to  define 

D,(p  =  (d^AaJa)cp.  (7) 

Then  we  will  secure  (6)  provided  the  change  of  A°  under  G'  reads 

&Al  =  £bflA^-e^\  (8) 

where  the  structure  constants of  G  are  identified  by 

[Ta,rb]  =rahrc.  (9) 


The  potentials  A a  transform  in  linear  inhomogeneous  fashion  under  G'  and  in  that 
sense  do  not  belong  to  a  representation  of  G\  unlike  <p.  The  infinitesimal  transformation 
laws  of  <p  and  A  “  under  G'  can  be  integrated  to  finite  forms,  but  we  omit  the  details.  The 
operator  Dfi  of  covariant  differentiation  can  be  applied  to  any  field  belonging  to  any 
linear  representation  of  G',  and  the  result  will  belong  to  the  same  representation.  In  that 
sense  it  cannot  be  applied  to  A“  without  further  qualification. 

In  order  to  build  a  G'-invariant  free  Lagrangian  density  for  the  new  field  A  J,  we  first 
evaluate  the  commutator  of  two  D’s: 


[D,,DV]  =  F^  Ta, 

Fa  —P  Aa  —  P  Aa  —  fa  AhAc 


(10) 


Unlike  the  potential  A ,  this  field  strength  transforms  in  a  linear  and  homogeneous  way 
under  G': 


SF 


a 


(ID 
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Thus  it  belongs  to  the  adjoint  representation  of  G,  with  generator  matrices  made  up 
from  the  structure  constants  themselves. 

Let  us  look  for  a  free  Lagrangian  density  L0(A,  dA)  for  the  gauge  field,  depending 
only  on  A  and  its  first  space-time  derivatives.  The  requirement  that  it  be  invariant  under 
G',  i.e.  when  A  undergoes  the  transformation  (8),  leads  first  to  the  result  that  L0  must  be 
a  function  exclusively  of  FJV,  so  we  have  to  deal  with  L0(F).  Now  for  L0(F)  the 
requirements  of  G'  invariance  and  G  invariance  essentially  coincide,  because  of  ( 1 1 ),  and 
they  imply: 


G 


Jiv  _ 
a 


dL0(F) 


=  0. 


(12) 


The  total  Lagrangian  density  possessing  G  invariance  is 


L7  —  LM{(p',  Dtp)  -f  L0(F), 


(13) 


it  is  built  from  a  matter  Lagrangian  whose  functional  form  is  restricted  by  the  n 
conditions  (3),  and  from  a  gauge-field  Lagrangian  restricted  by  the  n  conditions  (12). 

Usually  one  assumes  the  background  space-time  to  be  fiat  and  Minkowskian,  and 
then  the  simplest  choice  for  L0(F)  obeying  (12)  is 


un  =  if  ;,f 


nnv  —  pvv 
w  a  1  a  - 


(14) 


The  raising  and  lowering  of  the  indices  <3,  b  of  the  adjoint  representation  of  G  is  done  in 
the  usual  manner. 

The  Euler-Lagrange  field  equations  corresponding  to  the  new  fields  A°  are: 


SLt 

SA°. 


=  0=>D.G7  = 


dL 


M 


dL 


M 


dAau  dD  (p 


(15) 


where  the  matter  current  J £  here  differs  from  what  appeared  in  (5)  by  the  replacement 
<  (p  -*  D(p.  Now  the  G'  invariance  of  L0  and  of  the  associated  action  implies  that  the 
object  appearing  on  the  left  side  of  the  field  equation  (15)  obeys  an  identity: 


»>DvG?  =  0.  (16) 

f  his  (Bianchi)  identity  does  not  depend  for  its  validity  on  any  field  equations  being 
obeyed.  Consistency  of  (15)  demands  that  the  matter  current  J»a  must  obey  a 
corresponding  relation.  One  can  now  show  that  the  G'-invariance  of  LM{<p:  D<p )  leads  in 
turn  to  another  identity: 


D  J"  =  SLm 

H  a 


S(p 


T,<t>. 


(17) 


Thus  we  are  assured  of  the  consistency  of  the  A- field  equations  precisely  when  the 
matter  fields  obey  their  equations  of  motion. 


3.  Gauging  the  Poincare  group 

A  gauged  internal  symmetry  group  G  acts  only  on  the  matter  and  gauge  fields  not  on 
the  space-time  coordinates.  We  now  see  how  the  method  of  the  previous  section  must  be 
extended  to  gauge  the  Poincare  group  which  docs  have  an  cfTect  on  space  time  itself 
W  c  begin  with  a  set  of  matter  fields  «*><*)  defined  on  a  flat  space-time  background  with 
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Cartesian  coordinates  x^.  The  Poincare  invariant  matter  Lagrangian  density  is 
LM(<p\d(p).  The  geometrical  action  of  an  infinitesimal  Poincare  transformation,  on  x^ 
and  </>(x),  is  given  by  the  system  of  equations 

x'M  ^  xn  _(_  +  a", 

(f)'(x')  ~  (p(x)-\-\eaipSafi(p(x).  (18) 

The  parameters  a **  specify  an  infinitesimal  translation;  and  the  six  e'/v  =  —  ev/i  an 
infinitesimal  homogeneous  Lorentz  rotation.  The  Sap  are  the  generators  of  the 
representation  of  the  Lorentz  group  (more  precisely  SL( 2,  C))  to  which  (p  belongs.  We 
shall  find  it  more  convenient  to  ‘undo’  the  transformation  on  x^  in  ( 1 8)  and  deal  simply 
with  the  change  in  functional  form  of  (p  induced  by  an  infinitesimal  element  of  Thus 
we  write 

<5</>(.v)  =  \e0lPSap(p(x)-^dv(p(xi 

Cv  =  +  (19) 

Already  we  see  a  qualitative  difference  between  (19)  and  ( 1 ):  in  the  former  the  change  in 
( \ >  involves  d(p  as  well  as  (p.  Thus  (19)  is  like  a  dynamical,  velocity-dependent 
transformation  in  mechanics,  rather  than  a  point  transformation.  The  effect  of  2P  on  d(p 
follows  from  (19): 

Sd^(x)  =  +  e^dMx)  ~  CWMx)-  (20) 

The  geometrical  invariance  of  the  action  based  on  LM{(p\d(p)  under  a  Poincare 
transformation  can  be  stated  as  the  property 

SLJcp-  d<f>)  =  d„(  -  (e"vxv T a»)LM),  (21) 

when  S(p  and  Sd^(p  are  given  by  (19)  and  (20)  respectively.  On  analysing  (21),  we  find  that 
it  says  two  things:  (i)  there  should  be  no  explicit  x  dependence  in  LM  (and  this  has  any 
way  been  assumed);  (ii)  the  functional  form  of  LM  is  such  that  the  six  identities 

Saptp  +  ^  <p^  T  *1n3(pp  —  tl^ptpa)  =  0, 

Lm=LJ(P;<P „),  (22) 

hold,  with  the  variables  (p ^  being  anything  at  all  (compare  (20)). 

Let  us  now  gauge  the  group  dP  and  arrive  at  a  group  by  making  the  parameters  £#IV, 
in  ( 1 9)  arbitrary  independent  functions  of  x.  When  this  is  done,  we  no  longer  maintain 
that  the  expression  C  in  ( 1 9)  has  an  x-independent  part  and  a  part  linear  in  x  with  £v;  for 
coefficient— making  £"v  and  a "  arbitrary  independent  functions  of  x  is  entirely 
equivalent  to  regarding  £^v  and  as  independent  functions  of  x.  By  the  same  token,  we 
have  no  longer  any  connection  between  the  parameters  of  the  infinitesimal  SL{ 2,  C) 
rotation  represented  by  the  first  term  in  <30  in  ( 1 9),  and  the  second  term  in  S(p — these  two 
pieces  of  the  transformation  law  of  <p  under  are  completely  dissociated.  For  this 
reason  we  shall  hereafter  use  Latin  superscripts  and  subscripts  as  vector  indices  for  e  and 
the  SL( 2,  C)  generators  S,  while  Greek  indices  will  appear  on  on  x  and  on  partial 
derivatives  with  respect  to  x.  With  this  understanding,  an  infinitesimal  element  of  is 
specified  by  ten  independent  infinitesimal  functions  £u(x),  £v(x)  and  its  action  on  (p  is: 

S(p(x)  =  je^Sfjfpix)  -  £vdv</>(x).  (23) 


Gauge  approach  to  classical  gravity 


7 


The  accompanying  law  for  cep  reads: 

Sd^tpix)  =  ^elJSijd^(p{x)-d^ -S^tp.  (24) 

The  second  term  in  (24)  replaces  the  second  term  in  (20),  while  the  fourth  term  in  (24)  is 
new  and  is  analogous  to  the  second  term  in  (4)  in  the  sense  of  being  linear  in  (p. 

The  original  Poincare  invariant  Lagrangian  density  LM(<p;d(p)  is  of  course  not 
expected  to  be  invariant  (even  up  to  a  four-divergence)  under  the  action  of  .  Indeed 
we  find: 

6LJcP:d<t»  =  d'i-PLHniMfaeV-T'd'a',  (25) 

where  Mf-  and  TJ  are  the  angular  momentum  and  energy  momentum  densities 
conserved  in  the  ^-invariant  theory  (compare  with  (5)). 

We  must  now  see  how  to  modify  LM((p,  d(p)in  a  natural  way  to  achieve  ^'-invariance. 
Follow  ing  the  method  of  the  previous  section,  we  might  try  to  define  a  new  derivative  of 
(p  whose  transformation  law  under  resembles  that  of  d<p  under  and  we  might 
expect  that  the  problem  will  be  solved  by  substituting  this  new  derivative  for  dtp  in  LM 
since  in  the  identities  (22)  there  is  no  requirement  that  <p fl  be  necessarily  c^tp.  Comparing 
(24)  and  (20),  and  recalling  the  introduction  of  Latin  indices  on  e'J,  we  are  led  to  search 
for  a  generalised  derivative  cpk  of  (p  whose  change  under  shall  read 

S(pk  =belJSij<pk+ek,(pl-Zvdv<pk.  (26) 

If  we  succeed  in  constructing  such  a  (pk,  we  then  find  that  LM((p;  (pk)  is  almost  but  not 
quite  invariant  (upto  a  divergence)  under  the  identities  (22)  obeyed  by  LM  only  give 
us 

&LM{(p\<pk)  =  -CdvLM(<P;(Pk).  (27) 

Clearly  one  more  step,  not  needed  in  the  previous  section,  is  needed  here  to  achieve 
invariance  of  the  action  of  matter:  we  need  a  multiplier  A,  say,  with  a  suitable 
transformation  law  so  that  M  —  A LM  is  indeed  invariant  upto  a  divergence: 

m  =  ALw(</>;  (pk), 

SA  =  *„(  -  6¥m  =  dH(  -  (28) 

This  multiplier  A  will  of  course  have  to  be  formed  out  of  the  new'  fields  that  w  ill  appear 
in  the  construction  of  <pk  out  of  d  (p. 

In  the  rest  of  this  section,  we  describe  the  construction  of  (pk  and  A,  so  that  the 
procedure  for  gauging  //  as  far  as  the  matter  fields  are  concerned  will  be  clear. 

The  passage  from  d $  transforming  via  (24)  to  <pk  transforming  via  (26)  will  be 
efTected  in  two  stages.  First  we  define  an  auxiliary  object  (p^  in  whose  law  of  change 
under  no  term  like  the  last  one  in  (24)  appears— by  a  procedure  exactly  like  the  one  in 
the  previous  section,  we  introduce  a  gauge  potential  with  respect  to  SL( 2.  C)  to 
absorb  the  d0e,J  term  in  Sdrf.  Thus  with  the  definition 

K-  + U %)«• 

wc  will  attain  the  transformation  law 


(29) 
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provided  A1*  transforms  under  as  follows: 

SA  j/  =  e\AkJ  +  s\  Aik  —  d ^  -AlJ-  <Tdv  A"  -  d/k  (31 ) 

This  first  step  to  go  from  c^</>  to  < p ^  has  thus  necessitated  the  introduction  of  a  24- 
component  SL(2,  C)  gauge  potential.  At  the  next  step,  we  must  make  up  (pk  out  of  <p\  so 
that  the  second  term  in  (30)  gives  way  to  the  second  term  in  (26).  This  passage  from  <p{ 
to  <f>k  is  qualitatively  different  from  the  earlier  passage  from  d^cp  to  < p j  :  in  the  latter  case, 
exactly  as  with  an  internal  symmetry,  the  extra  piece  was  linear  in  0,  whereas  in  the 
former  case  (pk  will  have  to  be  linear  homogeneous  in  <pifl.  This  thus  calls  for  1 6  new  fields 
hf  which  can  be  viewed  as  a  4  x  4  matrix,  so  that  we  may  write 

<f>k  =  hk»cP]'l  =  hk'*(dtl+iAijSij)(P.  (32) 

Then  (26)  will  be  guaranteed  provided  under 

^  =  ^'V  +  ^v^.V-W-  (33) 

The  above  steps  can  probably  be  more  easily  grasped  if  we  also  give  the  effect  of  a 
finite  element  of  on  (p ,  A  and  h.  A  finite  element  of  the  group  is  specified  in  this 
way:  we  have  a  general  coordinate  transformation  xfl  -►  x'M(x)  in  which  the  space-time 
labels  assigned  to  each  point  may  change;  and  we  have  an  element  A(x)eSL(2,  C)  at  each 
point  with  (original)  coordinates  x.  Thus  an  element  of  is  denoted  by  [x'(x);  A(x)]. 
The  finite  form  of  (23)  is 

<P'{x')  =  D[A(x)](p{x),  (34) 

where  D  is  a  matrix  in  the  representation  of  SL( 2,  C)  to  which  (p  belongs  in  the  original 
Poincare  invariant  theory.  From  (34)  it  is  particularly  clear  that  in  gauging  &  to  arrive  at 
the  local  SL(2,  C)  rotations  have  been  completely  dissociated  from  general 
coordinate  transformations  (gct).  Under  a  pure  gct,  each  component  of  </>  is  now 
treated  as  a  scalar  field.  Any  spinor,  vector  or  tensor  behaviour  that  (p  has  in  the  special 
relativistic  theory  is  now  assigned  to  be  its  behaviour  under  local  SL( 2,  C)  rotations. 
With  (p  transforming  as  above,  its  gradient  follows  the  law 

d'„<l>'(x’)  =  [A(x)  ]  {d,4>(x)  +  D  [A(x) ]“ ‘av D  [A(x) (35) 

The  finite  forms  of  (30)  and  (31)  are  respectively 

</>;„(x')  =  ^D[A(.v)]^v(.v),  (36a) 

A'lfW  =  ^  [\ik(x)A\(x)AkJ(x)-dvA\(x)-Ajk(x)].  (36b) 

[We  have  for  simplicity  not  differentiated  between  A  as  an  element  of  SL( 2,  C)  in  (34), 
and  as  a  4  x  4  Lorentz  matrix  in  (36)  ]. 

The  finite  forms  of  (26)  and  (33)  are  respectively 

(p’k(x)  =  A  kj(x)D  [  A  ( x )  ]</>,(x),  (37a) 

h?(x')  =  ^7A*j(x)/j/(x), 


(37b) 
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It  is  now  particularly  easy  to  see  that  A  and  h  play  qualitatively  different  roles.  A  J  is  a 
true  gauge  potential  with  an  inhomogeneous  transformation  law  under  local  SL( 2,  C) 
rotations,  designed  to  compensate  for  the  second  term  within  the  parenthesis  on  the 
right  side  of  (35).  On  the  other  hand,  the  h  field  converts  the  covariant  vector  behaviour 
of  0I<4  under  gct  to  the  local  SL( 2,  C)  vector  behaviour  of  <frk:  compare  (36a)  with  (37a). 

The  finite  form  of  the  transformation  law  for  the  multiplier  A,  (28),  is 


A'(.x') 


dx 


dx' 


A(.x), 


(38) 


where  the  Jacobian  of  the  gct  comes  in.  Comparing  with  (37),  we  have  the  natural 


choice 

A(x)  =  J det  [VM])'1. 


(39) 


We  must  assume  of  course  that  (fikM)  is  a  nonsingular  matrix.  The  way  to  gauge  the 
matter  Lagrangian  density  to  get  invariance  is  now  clear.  We  introduce  40  new 
variables  A'j,  hf,  set  up  the  generalised  derivative  (pk  of  (32)  and  make  the  transition 


^-invariant  LM(</>;  c</>)  -*• 


^'-invariant  =  A(/i)LM(0;  $k). 


(40) 


(of  course,  we  mean  here  that  the  corresponding  actions  have  the  stated  invariance 
properties). 

We  conclude  this  section  with  the  remark  that  in  checking  the  consistency  of  the  finite 
and  infinitesimal  changes  of  various  objects  under  t?',  the  form  of  an  infinitesimal 
element  of  J*'  is  to  be  taken  as 


[x'(.x);  Ak,(.x)  ]  =  [X*  4-  {"(x);  S k  +  ekj(x)  ]. 


(41) 


4.  Independent  gravitational  variables 

While  the  new  fields  Alj,  hku  (40  in  all)  must  transform  under  according  to  (31),  (33) 
(equally  well  (36b),  (37b) ),  their  kinematical  or  dynamical  independence  is  at  this  point 
an  open  question.  After  examining  the  possibilities  allowed,  we  can  go  on  to  build  the 
free  Lagrangian  for  these  new  fields. 

Denote  by  Du  the  generalised  derivative  in  (29)  as  in  (7): 

D»  =  fV  +  Mi'V  (42) 

Its  property  is  that  if  a  (matter)  field  <t>  is  a  gct  scalar  but  belongs  to  some  SL( 2,  C) 
representation  with  generators  S then  D(p  is  a  covariant  gct  vector  but  retains  the 
SU2,  C)  representation  of  <f).  Denote  this  by: 

< f>£  {ST(2,  C)  rep.}  ®  [gct  scalar}  => 

D(f)c{ same  SL(2,  C)  rep.]  ®  [GCTCOv't.  vector}.  (43) 

If  (j>  is  a  field  belonging  to  a  nontrivial  tensor  representation  of  gct  and  we  wish  its 
generalised  derivative  to  behave  reasonably,  we  must  construct  an  object  V(1  by  adding 
an  extra  piece  to  l)u  of  (42):  this  piece  will  involve  the  generators  A  J  of  the  tensor 
representation  of  G7.(4.  Rf  appropriate  to  the  tensor  nature  of  </>.  We  then  write 

V  =  P  4.  i  j  0  c  i  v « 


(44) 
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and  demand  of  V  that 

< p  e  {SL(2,  C)  rep.}  ®  {gct  tensor}  => 

V</>e{same  SL(2,  C)  rep.}  (x)  {same  gct  tensor  ®  gct  cov’t.  vector}.  (45) 


This  requirement  on  VM  will  be  met  if  A‘j  transforms  as  before  while  f  transforms  as 


an  affine  connection  under  gct  and  is  an  SL( 2,  C)  scalar 


r*(V)  = 


dxx  dxa  dx'p 
dx p  dx'a  dxp 


ru*)  + 


dx« 


d2xp 


dxp  dxp  dx 


•d 


(46) 


For  matter  fields  of  course  VM  and  D ^  coincide.  Conversely,  if  </>  is  an  SL(  2,  C)  scalar, 
and  S ^  coincide,  where 

S„  =  0,  +  ri.X^  (47) 

One  can  also  say:  is  applicable  only  to  fields  with  well-defined  SL( 2,  C)  as  well  as  gct 
representation  properties;  Dfl  can  act  on  any  field  with  definite  SL( 2,  C)  representation 
character,  even  if  it  has  no  definite  gct  behaviour;  and  can  be  applied  to  any  gct 
tensor.  In  all  these  statements,  one  can  view  Alj  and  Tja  as  independent  entities,  each 
with  a  specific  behaviour  under  . 

On  the  same  basis,  one  can  also  compute  the  commutator  among  the  VM: 

F%  = 

R*  =5^-3  r'  +  r'  r  -r'  r* 

(Xfiv  n  va  Vv‘  /w  '  no  va  \o  /x®’ 

tx  =rx  -  rx .  (48) 

J  |1V  4  /IV  m  Vfi9  V  / 

F  here  is  the  SL( 2,  C)  gauge  field  strength,  exactly  analogous  to  the  situation  in  §2;  R  is 
the  curvature;  and  T  the  torsion.  They  are  all  homogeneously  transforming  quantities 
under  &':F  is  an  antisymmetric  tensor  under  SL(2,  C)  and  also  under  gct  (covariant);  R 
and  T  are  SL( 2,  C)  scalars  and  have  obvious  gct  behaviours. 

The  field  hkp  is  a  vector  under  SL( 2,  C)  and  a  contravariant  vector  under  gct.  It  is 
interpreted  as  a  Vierbein  system.  The  inverse  matrix  is  denoted  as  bkfl: 

b\hkp  =  5 (49) 

It  is  again  an  SL( 2,  C)  vector  and  a  gct  covariant  vector.  The  metric  tensor  is  defined 
through 

0MV  =  bk^kv,  (50) 

where  Latin  indices  are  raised  and  lowered  using  the  Minkowski  metric.  We  now  use  the 
/i-field  to  connect  the  spaces  of  SL( 2,  C)  tensors  and  of  gct  tensors  by  postulating 

v,v  =  0.  (51) 

This  system  of  equations  helps  us  trace  the  relationships  among  the  24  A ’s,  the  16  h's  and 
the  64  Ps.  Its  meaning  of  course  is  that  application  of  V  commutes  with  transferring 
SL( 2,  C)  tensor  behaviour  to  corresponding  gct  tensor  behaviour  and  vice  versa  with 
the  help  of  h  and  b. 

Suitably  identifying  Stj  and  X £  so  as  to  apply  to  hkp,  we  find  that  there  are  two  ways  of 
presenting  the  content  of  (51 ).  Viewpoint  ( a )  is  to  regard  (5 1 )  as  determining  T  in  terms  of 
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/i,  A  and  the  derivatives  of  h  (or  equally  well  of  b ): 

rU  =  K>(8l.bla  +  A“b,.)  =  hki>Dltb\.  (52) 

Naturally  this  is  consistent  in  the  sense  that  the  stated  transformation  laws  of  h  and 
A  ensure  the  one  desired  for  T.  We  may  thus  view  the  40  A 's  and  /?' s  as  independent  fields 
(unless  we  impose  more  conditions  on  them),  and  the  64 Ps  as  dependent  fields. 

Viewpoint  (b)  is  to  regard  A‘j  as  a  derived  object,  formed  from  T  and  h.  For  this,  we 
express  (51 )  as 


hivS  bj 

M  U  ^  U  y. 


(53) 


The  stated  transformation  laws  of  Y  and  h  do  lead,  via  this  identification,  to  the 
proper  law  for  A.  However  it  would  be  incorrect  to  conclude  that  the  64  components  of 
T  and  the  1 6  of  /?  are  all  independent!  One  must  insist  that  the  expression  in  (53)  for  A  lj  is 
antisymmetric  in  /  and  j.  This  requirement,  it  turns  out,  is  tantamount  to  recognising 
that,  on  account  of  (51),  both  bk^  and  the  metric  g^  are  covariantly  constant;  and  the 
latter  fact  does  not  involve  AlJ  at  all!  In  other  words. 


=  0  =>  =  0  =>  S^g  =  0  => 

=  r<r  4-  +  B^  =  0.  (54) 

Here  P01  is  the  (symmetric)  Christofifel  connection  determined  by  g ^  (and  so 
ultimately  by  h),  and  B  is  a  third  rank  tensor.  So  in  this  second  viewpoint  the 
independent  fields  are  the  1  6/j’s  and  the  24£'s,  adding  up  again  to  40  fields  exactly  as  in 
the  first  viewpoint.  The  tensor  B  is  essentially  the  same  as  the  torsion: 

Tfi  =  B»  -  Bp 

trn  nd  ^  am  •> 


(55) 


Thus  we  see  that  the  number  of  independent  gravitational  field  variables  is  40  except 
for  any  further  restrictions  we  may  impose;  these  40  may  be  taken  to  be  the  Vierbein 
field  h  and  the  ST(2,  C)  gauge  potential  A,  or  we  may  take  them  to  be  the  Vierbein  /?and 
the  torsion  tensor  T.  Without  implying  that  the  vanishing  of  the  one  implies  the 
vanishing  of  the  other,  we  can  say  that  A  lj  and  T*v  are  two  aspects  of  the  same  thing  or 
that  they  represent  the  same  degrees  of  freedom.  Expression  of  one  in  terms  of  the  other 
brings  in  h  and  its  derivatives: 


(56a) 


(56b) 


A  fi  —  AO- 

^  d(l  ri  ,  U  jg,  /i  u  , 

'^3  flu  2  (  ~  T'fiua  ( 

+  i(bk.  (?„(>*»  -  d„b\)  +  bku?fh\  (oc  4-u  (i)). 

We  gel  another  useful  consequence  of  the  postulate  (51 )  by  applying  both  sides  of  (48) 
to  the  h  field  The  result  is: 

F‘J.-b‘th'-R^.  (57) 

Thus  the  number  of  true  tensor  quantities  available  for  constructing  the  free 
gravitational  Ugrangian  is  three  F  or  equivalently  R,  the  torsion  7  and  the  Vierbein  h 
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5.  Gravitational  Lagrangian  and  field  equations 


There  are  two  options  available  here,  depending  on  the  number  of  independent  field 
components  admitted  before  constructing  the  Lagrangian. 

Option  I  This  is  essentially  based  on  viewpoint  (b)  of  the  previous  section.  It  is  the 
method  given  in  the  main  body  of  Utiyama’s  paper  and  described  in  Weinberg’s  book.  It 
can  be  viewed  as  a  minimal  extension  of  the  metric  theory  of  gravitation  needed  to 
accommodate  spinor  matter  fields. 

The  torsion  tensor  7  is  assumed  to  be  zero.  Then  the  affine  connection  T  is  symmetric 
and  equals  the  ChristofTel  connection  T(0)  determined  by  g ^  and  hence  by  h^.  The 
curvature  tensor  is  equal  to  the  Riemann-ChristofTel  tensor  determined  by  g  and  its 
derivatives.  The  independent  gravitational  field  variables  are  the  16  Vierbein  com¬ 
ponents  h / — physically,  ten  metric  components  plus  six  “SL( 2,  C)  parameters”  at  each 
point  x.  The  SL{2,  C)  gauge  potential  A'j  is  a  derived  object  (as  is  g^)\ 

A"  =  h^id^v-r^b^).  (58) 

The  simplest  choice  for  the  gravitational  Lagrangian  density  is  the  standard  one  in  the 
metric  theory  leading  to  the  Hilbert  action: 

=  \AR  =  2  ( —  det  {g^))112  R(g,  dg,  ddg\  (59) 

where  R  is  the  curvature  scalar.  Thus  the  total  Lagrangian  density  is 


<?T  =  j?M+<?G 

=  A (Ji)[Lm(</>;  </>k)  +  fR(0,  dg,  ddg)~\.  (60) 

In  this  treatment,  the  independent  fields  are  h  and  </>;  A  'j  is  not  expressible  in  terms  of  g^ 
alone,  but  the  affine  connection  T  and  the  curvature  tensor  R  depend  on  g MV  alone. 

To  examine  the  consistency  of  the  gravitational  field  equations,  we  need  the  Eulerian 
derivatives  of  dfG  and  with  respect  to  h.  We  find: 

5&G/dh/  =  A/i*v(/?MV-i0,vK),  (61) 

where  R ^  is  the  Ricci  tensor.  For  df  M  let  us  define  9^v  as 

S&u/Shf  =  -A/i*v0„v.  (62) 


Then  the  field  equations  are 


2.9  n 


R  =  0 


/iV 


(63) 


The  left  side  is  (i)  symmetric  in  p  and  v,  (ii)  covariantly  conserved.  For  consistency,  6 ^ 
must  also  have  these  properties.  As  for  symmetry;  the  local  SL( 2,  C)  invariance  of  M 
leads  to  the  identities 


1  Lj  Q  ^ 

bJ..b\^r—S,k(p. 


2A 


S(f) 


(64) 


Therefore  0  is  symmetric  when  the  matter  field  equations  hold.  As  for  covariant 
conservation:  the  fact  that  <£ M  is  a  scalar  density  under  gct,  combined  with  occasional 
use  of  (64),  gives  further  identities 

V/C  =  .  .  .  S&M/S<t>  .  .  . 


(65) 
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Thus  the  (p  field  equations  are  needed  to  make  the  gravitational  ones  algebraically  and 
differentially  consistent. 

If  the  matter  fields  (p  involve  tensor  representations  of  SL( 2,  C)  alone,  it  is  easy  to  see 
that  they  can  be  replaced  by  new  matter  fields  (p  which  are  SL( 2,  C)  scalars  but  tensors 
under  gct  matching  the  original  SL( 2,  C)  properties  of  (p.  The  passage  from  (p  to  (p  uses 
h  and  6,  and  is  an  admissible  point  transformation  in  the  Lagrangian  framework.  When 
expressed  in  terms  of  </>  rather  than  (p ,  it  is  clear  that  M  does  not  involve  h  and  A 
explicitly  any  more,  but  can  be  written  exclusively  in  terms  of  g MV,  T^)p  and  (p.  Thus  we 
recover  in  this  case  the  metric  theory.  The  Vierbein  h  and  the  SL( 2,  C )  gauge  potential  A 
are  essential  only  if  (p  contains  some  spinorial  components. 

Option  II  This  is  based  on  viewpoint  (a)  of  the  previous  section,  and  is  the  method 
proposed  by  Kibble.  Even  if  there  are  no  spinor  matter  fields,  one  finds  slight  differences 
from  the  standard  metric  theory. 

One  starts  with  40  independent  gravitational  fields  A'j,  hf.  The  gravitational 
Lagrangian  density  is  to  be  formed  from  the  three  tensors  /?^v,  7^v,  hk p.  Kibble 
chooses  the  expression  of  lowest  degree: 

^c  =  iAK,  A  =  (det(V))-1, 

R  =  hrh;F%  =  <TRaV  ,66) 

The  total  Lagrangian  density,  indicating  the  fields  and  derivatives  that  appear,  is 

&t=  ^M(<P<  ctp ,  h,  A)+<fc(h,  A,  dA).  (67) 

Note  that  the  space-time  derivatives  of  /?  are  totally  absent. 

Let  us  introduce  the  notations 


ese. 

'k„ 

SA'J 

V- W)l; 

n 

-  ■  s» 

5 

II 

(68) 


Then  the  gravitational  field  equations  are 
tk  =  -Tk  s?  = 

H  u  ’  13  i  /  —  *3  i  s  • 


(69) 


Now  the  invariance  of  ¥c  under  local  S/.(2.C)  rotations  leads  to  the  identities 

^“S>i  _  !;i  —  ,ij-  f>'  =  ^  i"  f  j,  ’  (7()) 

3snfohfuS,eMdSen0h,!1ees:field  CqUa"°nS  S,m"arly'  ^ bein* 3  SCa,ar  de"si*  u"d« 

0,t  „  -  -  tkfiDvhku.  (71) 

The  question  again  arises:  do  the  expressions  Tk  ,  S'1  derived  from  h  - 
corresponding  properties?  Indeed  they  do.  The  local  Sl\ 2. *  >  ZnJll  £ 
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density  properties  of  yM  give  us  the  identities 


D^J  =  TJi-TlJ—^-SiJ^ 

DJ\  =  \S%F%-T\Dvhk“-^Dw<i>. 


S(f) 


(72) 


So  one  is  assured  again  that  with  the  help  of  the  matter  field  equations  the  gravitational 
ones  become  consistent. 

The  Euler-Lagrange  field  equations  resulting  from  variations  of  the  A  field  have  a 
particularly  interesting  structure.  They  can  be  algebraically  rewritten  to  express  the 
torsion  in  terms  of  the  object  arising  from  matter: 


O 

HO 


2‘Vvff  )■ 


(73) 


If  there  had  been  no  matter  fields  at  all,  we  see  that  the  present  theory  of  gravitation 
based  on  the  fields  A ,  h  reduces  to  the  metric  theory!  For  in  that  case,  =  0  implies 
T*v  =  0;  then  the  affine  connection  T  reduces  to  the  Christoffel  connection  T(0);  A  ]/  takes 
up  the  form  assumed  for  it  in  Option  I;  reduces  to  the  Riemann-Christoffel  tensor; 
and  the  /i-field  equation  becomes  the  vanishing  of  the  Ricci  tensor  formed  from  the 
metric. 

If  there  are  matter  fields,  but  if  we  assume  that  LM(</>;  d4>)  was  at  most  linear  in  d(p, 
simplifications  still  occur.  For  now  it  follows  that  has  no  dependence  on  AlJ.  So  the 
/1-field  equation  (73)  is  a  solution  for  torsion  in  terms  of  c p  and  h.  We  can  use  this  in  (56b) 
and  so  obtain  an  expression  for  Alj  in  the  form 

A'i  bh)  +  g'jih;  /).  (74) 

The  f- term  here  is  the  same  as  in  (58),  and  is  just  what  A  would  have  been  if  torsion 
had  been  zero. 

Now:  precisely  because  the  field  equations  that  have  been  used  to  solve  for  A‘j are  the 
equations 


<5^/<M]/  =  0, 

it  is  legitimate  to  put  this  solution  (74)  into  ^frand  regard  the  resulting  expression  as  the 
Lagrangian  for  the  fields  </>  and  h.  When  this  is  done,  we  can  separate  the  terms  arising 
from /]/  from  those  involving  both/]/  and  glj  or  g'J  alone.  The  terms  not  involving  g'J 
reproduce  the  total  Lagrangian  of  Option  I — as  they  must  since/]/  is  what  Alj  would  be 
if  torsion  were  zero!  Schematically, 


y{7U)(<t>;  d(t> ;  h:  A ;  dA)\A  mf+g  =  i?M(</>;  dfc  h;  A)\a  mf+g 
+  yil)(h-,A;dA)\A=f+g 
=  h;  dh)  +  ^(Hilbert)  +  iT; 

y{li  =  yM((t>;  d<f> ;  h;  A)\a  =f, 

^(Hilbert)  =  yG{U)(h;  A;dA)\Amf; 


y  =  remaining  terms 

=  direct  S-S  (spin-spin)  interactions.  (75) 

This  effective  Lagrangian  for  the  independent  fields  </>,  h  can  be  directly  compared  to 
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the  Lagrangian  for  these  same  fields  under  Option  I.  The  only  new  term  is  .  But  it 
occurs  with  one  higher  power  of  the  gravitational  coupling  constant  as  compared  to  the 
remainder,  and  so  from  a  practical  point  of  view  Option  II  reduces  to  Option  I. 


6.  Gauging  G  and  &  simultaneously 


In  concluding  this  brief  introduction  to  the  gauge  principle  applied  to  the  Poincare 
group,  we  indicate  how  to  combine  the  methods  of  §2  with  those  of  §§3  and  4.  Let  the 
matter  field  Lagrangian  density  LM{(p\  C(p)  possess  both  G  and  2A  invariances.  To  gauge 
both  groups  and  arrive  at  groups  G\  we  must  define  a  generalized  derivative 
bringing  in  potentials  4",  A^,  an  affine  connection  Tja,  and  Vierbein  fields  h*k.  The  V 
operator  is 

v„  =  S^  +  AlT'  +  ^A'jS^+r^X;.  (76) 

It  preserves  the  G  and  SL(2.C)  representation  properties  of  any  field  it  acts  on.  and 
increases  the  gct  tensor  behaviour  by  an  extra  covariant  vector  index.  The  commutator 
reads: 

[v„.  vv]  =  FlJ'  +  lFlS^+R^X'i  +  T^V,,  (77) 

Here  Fauv  is  formed  exactly  as  in  §2  from  4";  and  FJ/V,  T*v  are  as  in  §4.  Imposing 
Vh  =  0  leads  to  the  same  analysis  as  in  §4  since  h  is  G-invariant.  The  simplest 
Lagrangian  density  for  the  Yang-  Mills  field  is  evidently 


JA  (h)g^gvaF 


a  F 

px  apo 


The  transformation  laws  of  A'J  and  h /  are  as  before;  for  (p  and  Aau  we  have 


(78) 


=  zT^-e^-e^- A:-t'dvA‘u.  (79) 

The  main  point  to  appreciate  is  that  there  are  three  categories  of  fields:  matter  fields  </>. 
Yang  Mills  fields  for  internal  symmetry,  and  gravitational  fields.  Their  characteristic 
properties  are  shown  by  the  following  table: 


G' 

SL(  2,C)' 

GCT 

<p 

Rep'n.  with 

Rep'n.  with 

Scalars 

generators  Ta 

generators  S{j 

Gauge  potential 

Scalar 

Cov't.  vector 

Scalar 

Gauge  potential 

Cov't.  vector 

K 

Scalar 

Vector 

Contra  variant 

vector 

KffiTc-nccs 


IJtiyama  K  1956  Phys  Re r  1 0 1  1597 
Kibble  1  W  B  1961  J  Math  rhys  2  212 
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Discussion 

Af.  A.  Melvin:  You  derived  the  symmetry  of  the  energy  momentum  tensor  from  the 
requirement  that  the  matter  fields  obey  Lagrangian  equations  of  motion.  The  usual 
derivation  is  given  the  requirement  of  conservation  of  angular  momentum.  Is  there  a 
correspondence  between  the  two  derivations? 

N.  Mukunda:  In  Lorentz  invariant  field  theory  the  canonical  energy  momentum  tensor 
may  not  be  symmetric,  but  if  we  insist  that  it  is  such  that  the  angular  momentum  density 
be  the  moment  of  the  energy  momentum  density,  then  the  latter  is  symmetric.  With 
general  covariance  in  a  metric  theory,  the  symmetry  becomes  automatic.  With  a 
violation  it  is  again  initially  lost  but  later  reestablished. 

S.  B.  Khadkikar.  Is  there  no  coupling  possible  between  Yang-Mill’s  fields  and 
gravitational  field?  Especially  when  the  former  acquire  mass  though  say  spontaneous 
symmetry  breaking  is  possible? 

N.  Mukunda:  The  coupling  is  there  since  the  metric  tensor  has  to  be  used  in  making  the 
free  Yang-Mill's  Lagrange  density  a  scalar  density. 

V.  M.  Rawal:  You  have  discussed  two  options  (a)  and  (b)  and  said  if  torsion  is  zero,  we 
get  the  option  (a).  What  is  the  difference  then  between  the  two  at  physical  level? 

N.  Mukunda:  It  is  in  the  spin-spin  interaction  which  is  very  small.  It  is  very  difficult  to 
measure  experimentally. 
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1.  Formulation  of  the  spin-gauge  theory 

The  Sciama-  Kibble  (1961)  approach  of  gauging  the  Poincare  group  which  leads  to  the 
Einstein-Cartan  theory  of  gravitation  has  the  paradoxical  feature  of  a  contact  spin-spin 
interaction  emerging  from  a  gauge  theory.  One  of  the  motivations  of  gauge  theories  is  to 
overcome  the  drawbacks  of  contact  and  other  such  non-normalizable  interactions 
through  the  introduction  of  gauge  fields.  But  here  is  an  example  of  a  gauge  theory  w  hich 
gives  rise  to  precisely  such  an  interaction.  Therefore  a  fresh  look  into  this  problem  is 
necessary.  For  this  it  may  be  worthwhile  to  consider  a  gauge  theory  of  the  Lorentz 
group  which  is  not  clouded  by  the  complications  of  gravity  but  at  the  same  time  gives 
rise  to  the  spin-spin  interaction.  For  this  reason  we  choose  a  very  specific  co-ordinate 
dependence  of  the  Lorentz  parameters  instead  of  the  arbitrary  co-ordinate  dependence 
of  these  parameters  as  is  done  in  the  Sciama-Kibble  approach  of  gauging  of  the 
Poincare  group. 

We  consider  the  Dirac  Lagrangian 


(1) 


for  neutral  spin  1/2  fermions.  This  Lagrangian  is  not  invariant  under  the  local  Lorentz 


group.  For  the  specific  case  where  a„v  is  such  that  (Naik  and  Pradhan  1981) 


Z^d¥(xvX{x)  =  ^A(x) 


(2) 


it  is  found  that  whereas  0  as  given  in  (1)  is  not  invariant  under 
iRx)  —  \p'{x')  =  exp[^v(x)I  "v]^(x). 


(3) 


the  modified  Lagrangian 

& d  =  T  m) iff. 


(4) 


with 


(5) 


where  ( x )  is  a  massless  axial  vector  boson,  is  invariant  under  the  same  transformation 
provided  u^fx)  transforms  as 


(6) 


and  its  kinetic  Lagrangian  is  of  the  form 

-  --hg2iatlar)2. 


(7) 
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with  a^(x)  satisfying  the  Lorentz  condition 

(x)  =  0. 


(B) 


Combining  (4)  and  (7)  we  get  for  the  total  Lagrangian  of  the  neutral  Dirac  field  and 
gauge  field 


&  =  -  <A  {yfldfl  +  m)\p  -  %dflavd'lav 

~  19^7^5^%  ~  (9) 

We  shall  name  the  axial  vector  gauge  particle  as  axial  photon  and  the  resulting  gauge 
theory  as  spin  gauge  theory.  Since  photon  has  spin  it  will  also  couple  to  the  gauge  field 
a„(x).  The  interaction  Lagrangian  can  be  obtained  by  using  covariant  derivative 


DfiAy 


=  ('uAy  + 


(10) 


in  the  photon  Lagrangian 


&,=  ,  (11) 

and  is  found  to  be 


^int  =  -  -  W  (a^a^A'A,  -  A^a^A'a,). 


(12) 


2.  Long-range  spin-spin  force 


The  two-body  spin-spin  force  resulting  from  the  spin-gauge  theory  formulated  above 
can  be  obtained  to  lowest  order  perturbation  from  Feynman  diagrams  of  figure  1. 
Suitable  non-relativistic  limit  leads  to  potential 


=  - 


r 

2r 


+ 


(<7ar)(<7br) 


(13) 


between  two  spin  1/2  particles.  Similar  calculation  leads  to  the  potential 


^b(r)  = 


9_ 
2  r 


S.-S  b  + 


(Sar)(Sbr) 


(14) 


Figure  1.  Feynman  diagrams 
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between  two  photons  and  the  potential 


V 

8  r 


c  (<7T)(S-r) 

S  h - 5— 

r 


(15) 


between  photon  and  four-component  neutrino.  It  is  clear  from  (13),  (14)  and  (15)  that 
the  force  between  two  particles  with  spins  is  of  long  range  and  Coulomb-like.  It  is 
attractive  for  parallel  spins  and  repulsive  for  antiparallel  ones.  This  is  precisely  the 
experimental  result  of  Tam  and  Happer  (1977)  who  demonstrated  that  while  circularly- 
polarised  laser  beams  of  opposite  polarization  repel  each  other,  beams  with  same 
polarization  attract  in  a  medium  of  sodium  vapour  for  laser  frequencies  on  the  high 
frequency  wing  of  the  D,  line.  It  is  therefore  natural  to  interpret  this  repulsion  attraction 
between  laser  beams  in  terms  of  the  long  range  spin-spin  force.  This  long-range  spin- 
spin  force  must  be  very  weak.  Otherwise  it  would  contribute  substantially  to 
electromagnetic  processes  such  as  Moller  scattering,  Compton  scattering  etc.  Since  our 
claim  is  that  this  super  weak  interaction  is  responsible  for  the  observed  attraction  and 
repulsion  between  polarized  laser  beams  in  sodium  vapour,  it  is  necessary  to  explain 
the  mechanism  of  its  enhancement  due  to  spin  polarized  sodium  atoms.  The  circularly 
polarized  laser  beams  with  a  frequency  slightly  higher  than  that  of  the  sodium  Dl  line 
optically  pumps  the  atoms  from  the  ground  state  to  3 2px  2  state,  thereby  producing  a 
medium  of  spin-polarized  atoms.  The  interaction  of  the  spins  of  the  laser  beams 
gets  enhanced  by  this  medium.  A  many-body  formulation  of  this  enhancement 
and  comparison  with  experimental  results  of  Tam  and  Happer  (1977)  leads  to 
g2 / 471  =  0-7  x  10~9. 


3.  C  omparison  with  Sciama  Kibble  approach 


One  important  point  of  difference  between  Sciama-Kibble  Poincare  gauge  theory  and 
any  local  internal  symmetry  group  theory  is  that  while  the  invariance  of  the  Lagrangian 
density  ensures  the  invariance  of  the  action  function  in  the  latter,  this  is  not  the  case  in 
the  former.  This  can  be  seen  as  follows: 


S  = 


d  Ax<f{x)-+S'  = 


d4x'J&Hx#)  =  d4x[l  +^(<5xO]^'(x') 


d4x^'(x). 


(16) 


Thus  invariance  of  action  function  i.e. 


S’  =  S 

requires 

y>(x)  =  ^'(x), 

but  not 


(17) 


« in  the  cave  of  local  internal  symmetry  gauge  theories.  Equation  ( 1 7)  implies  that  in  the 

hciama  Kibble  approach  one  considers  a  group  of  transformations  in  the  local  tangent 
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space  where  the  spinor  fields  transform  as 

ip'(x)  =  exp  (19) 

F or  this  reason  vierbeins  are  required  in  the  definition  of  covariant  derivatives.  On  the 
other  hand  in  our  approach  since  we  have  chosen 

(5x»)  =  c\(a“'xj  =  (a„a"v)xv  =  0,  (20) 

it  follows  from  (16)  that 

&'(x')  =  &(x)  (21) 

for  action  function  to  be  invariant  under  the  group  transformations.  Thus  while  in  the 
Sciama-Kibble  theory  J?(x)  =  ¥' ( x ),  in  our  spin  gauge  theory,  J^(x)  =  J^'(x'),  and  no 
vierbeins  are  necessary. 

4.  Consequences  of  long  range  spin-spin  interaction 

Several  interesting  consequences  follow  from  the  long-range  attractive  force  between 
parallel  spins.  One  obvious  result  is  the  formation  of  hydrogen-like  bound  states 
between  neutron  and  electron.  Since  the  force  is  very  weak  (weaker  by  a  factor  of  10" 7 
compared  to  electromagnetic  force)  such  bound  states  would  have  a  large  size  of  the 
order  of  few  millimeters  and  electromagnetic  transitions  between  its  discrete  states 
would  give  rise  to  radiations  of  few  meters  wavelength.  Bound  states  between  electron 
and  neutrino  as  well  as  between  photons  would  also  be  possible.  Further,  just  as 
electron  acquires  a  charge  distribution  on  account  of  its  interaction  with  the  photon,  a 
spinning  particle  would  acquire  a  spin  distribution  on  account  of  its  interaction  with  the 
axial  photon.  Because  of  the  weakness  of  the  coupling  constant,  this  distribution  would 
be  limited  to  a  radius  of  the  order  of  10~19cm. 

On  account  of  the  fact  that  parallel  spins  attract  in  contrast  to  like  charges  repelling,  a 
spinning  particle  placed  in  a  spin  polarizable  medium  would  be  antiscreened  rather  than 
being  screened  like  a  charged  particle  in  a  charge-polarizable  medium.  As  a  result,  the 
effective  coupling  constant  for  spin-spin  interaction  would  increase  with  distance.  In 
other  words  the  spin  gauge  theory  is  an  asymptotically  free  field  theory. 

The  attraction  between  parallel  spin  has  one  very  attractive  feature  in  that  it  can 
provide  stability  to  the  classical  electron  whose  charge  distribution  would  ordinarily  fly 
apart  on  account  of  repulsion  between  like  charges.  The  spin  distribution  on  the  other 
hand  would  provide  a  counter  force  to  hold  together  the  parts  of  the  electron. 

The  coupling  of  the  spin  to  the  axial  photon  would  not  affect  observable  processes  of 
quantum  electrodynamics  on  account  of  the  exceedingly  small  value  of  the  coupling 
constant.  However,  this  coupling  when  extrapolated  to  the  electron’s  charge  radius 
could  become  as  large  as  the  electromagnetic  coupling  constant.  In  such  an  event  the 
divergent  part  of  electron  self-energy  resulting  from  emission  followed  by  reabsorption 
of  photon  could  cancel  with  that  arising  from  emission  and  reabsorption  of  axial 
photon.  Preliminary  calculation  using  Feynman  diagrams  in  the  quantized  spin-gauge 
theory  where  ghosts  make  their  appearance,  shows  that  all  divergences  do  cancel  if  the 
coupling  constant  is  suitably  extrapolated  so  that  it  equals  the  electromagnetic  coupling 
constant. 
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5.  Summary  and  conclusions 

We  thus  conclude  that  there  exists  an  elementary  universal  interaction  between  spins  of 
particles  which  follow  from  a  gauge  principle.  This  force  is  of  long  range  and  weaker 
than  the  weak  interaction.  It  is  of  the  same  order  of  magnitude  as  the  super-weak 
interaction.  This  force  can  provide  stability  to  the  otherwise  unstable  classical  electron 
and  can  remove  all  divergences  in  quantum  electrodynamics  without  disturbing  its 
present  excellent  agreement  with  experiment.  It  can  give  rise  to  loose  bound  states  of 
very  small  binding  energy  between  neutral  particles  possesing  spin  thereby  opening  up  a 
new  frontier  of  very  long  wavelength  spectroscopy. 
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Discussion 

T.  Padmanabhan :  (a)  Is  the  theory  with  long  range  spin-spin  interaction  renormalizable 
inspite  of  only  partial  gauging  of  Lorentz  group  being  resorted  to?  (b)  What  is  the 
physical  meaning  of  the  set  of  transformations?  (c)  Is  there  a  group  out  of  these 
transformations?  What  is  its  structure? 

T.  Pradhan:  (a)  Yes,  the  theory  is  renormalizable.  It  is  a  full-fledged  gauge  theory.  There 
is  no  such  thing  as  partial  gauging,  (b)  The  physical  meaning  is  that  spin  is  a  dynamical 
entity  in  this  gauge  theory  which  can  be  measured  with  the  aid  of  the  gauge  field  instead 
of  being  an  algebraic  entity  as  it  is  in  the  global  group,  (c)  Yes,  these  transformations 
form  a  group,  a  local  gauge  group. 

N.  Mukunda:  What  subgroup  of  SL  (2,  c)  has  been  gauged,  or  is  it  the  whole  group? 

T.  Pradhan:  As  far  as  I  can  see,  the  whole  group  has  been  gauged. 

P.  Majumdar :  What  about  Adler-Bell- Jackiw  anomalies  for  the  axial  photon  a,,? 

T.  Pradhan:  As  a  matter  of  fact  the  Adler- Bell-Jackiw  anomaly  can  be  cured  through 
the  introduction  of  the  photon-axial  photon  interaction  as  the  divergence  of  the  axial 
vector  current  in  question  has  the  same  structure  as  in  the  Adler-  Bell-Jackiw  case. 

M.  A.  Melvin:  Could  circular  birefringence  (different  behaviour  of  right  and  left 
circularly  polarised  in  the  medium)  induced  by  the  laser  beam  be  the  explanation  of 
separation  of  the  two  components  in  the  experiment?  If  so  then  the  reduction  of  the 
died  b\  a  transverse  magnetic  field  would  be  interpreted  as  a  reduction  of  the 
birefringence. 

T.  Pradhan:  I  am  unable  to  see  how  it  can  be  due  to  birefringence. 

K.  Subramanian:  If  you  have  g  —  e  you  have  said  that  vacuum  self-energy  graphs 
involving  axial  photons  and  real  photons  cancel  and  make  the  theory  finite.  Would  this 
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not  lead  to  wrong  predictions  ol  the  Lamb  shift  (which  is  very  accurately  measured)? 
Therelore  one  does  not  really  have  a  finite  theory  since  g  =  e  is  not  borne  out 
experimentally. 

T.  Pradhan :  Since  the  theory  is  asymptotically  free  one  could  renormalize  at  a 
momentum  transfer  where  g  =  e.  The  value  of  g  that  would  occur  in  Lamb-shift 
calculations  need  not  be  at  the  same  momentum  transfer.  The  details  of  this  scheme  of 
making  self-energies  finite  have  not  yet  been  worked  out. 

N.  Dadhich :  Should  one  take  that  e  =  g  is  just  a  formal  and  hypothetical  relation  so  as 
to  cancel  out  divergences  in  self  energy? 

T.  Pradhan:  Comparison  with  laser  experiment  shows  that  g2/4n  =  10* 9.  However 
since  the  theory  is  asymptotically  free  it  would  be  possible  to  get  to  a  subtraction  point 
where  g  =  e.  However,  the  details  of  this  have  not  yet  been  worked  out. 

A.  K.  Raychaudhuri :  It  is  imagined  that  the  electron  is  stable  under  electrical  interaction 
and  spin-spin  interaction.  Should  we  expect  that  the  theory  will  give  the  numerical 
value  of  the  fine  structure  constant  from  the  condition  of  equilibrium  of  the  electron. 

T.  Pradhan:  Since  a  new  coupling  constant  g  has  appeared  in  the  theory  the  stability 
considerations  can  only  fix  this  coupling  constant  with  respect  to  the  fine-structure 
constant.  It  cannot  give  a  numerical  value  of  the  fine  structure  constant. 
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1.  Introduction 

The  strong,  weak  and  electromagnetic  interactions  describing  elementary  particle 
processes  at  energies  far  below  the  Planck  mass,  have  been  formulated  as  a  (grand) 
unified  theory  (Langacker  1981)  within  the  framework  of  local  internal  non-Abelian 
gauge  theories.  Gravitation,  which  corresponds  to  a  space-time  (rather  than  an  internal) 
symmetry,  has  also  received  an  adequate  treatment  within  the  non-Abelian  gauge 
theory  idea  (Kibble  1960).  However,  the  incorporation  of  both  space-time  and  internal 
symmetries  within  a  single  unifying  framework  has  been  a  formidable  problem  for  a 
long  time.  Indeed,  the  stumbling  block  for  such  unification  in  flat  space  is  a  rigorous 
‘no-go’  theorem,  due  to  Coleman  and  Mandula  ( 1 967):  Given  a  Lie  group  G  which  is  the 
maximal  symmetry  group  of  the  S-matrix,  such  that  (i)  it  has  a  subgroup  G  locally 
isomorphic  to  P,  the  Poincare  group,  (ii)  it  has  finite  dimensional  irreducible 
representations  with  mass  M  (a  bounded  spectrum),  (iii)  the  S-matrix  is  an  analytic 
function  of  s  (c  m.  momentum  squared)  and  t  (momentum  transfer  squared),  (iv)  the  S- 
matrix  is  non-trivial  except  at  some  values  of  s;  then,  G  is  locally  isomorphic  to  P  x  /, 
where  I  is  some  internal  symmetry  Lie  group  with  all  its  generators  commuting  with 
those  of  P.  Thus,  this  theorem  forbids  any  mixing  of  internal  and  space-time 
symmetries. 

The  proof  of  the  Coleman-Mandula  theorem  depends  crucially  on  the  Lie  property 
of  the  infinitesimal  algebra  of  G.  Thus  as  long  as  G  is  a  Lie  group,  gravitation  cannot  be 
unified  with  the  other  interactions  within  the  philosophy  of  gauge  theories.  One  has,  at 
this  point,  the  option  of  either  attempting  unification  from  a  very  different  standpoint, 
or  considering  more  general  algebraic  structures  for  the  maximal  symmetry  group  G  in 
order  to  sidestep  the  Coleman-Mandula  no-go  theorem.  The  latter  option  is  exercised 
in  theories  with  supersymmetry  (Fayet  and  Ferrara  1 977;  Wess  and  Bagger  1981),  where 
the  infinitesimal  generator  algebra  of  G  is  a  graded  Lie  algebra,  whose  ‘even’  elements 
obey  the  usual  commutation  rules  of  a  Lie  algebra,  but  w  hich  has,  in  addition,  a  set  of 
odd  elements  which  have  anti-commutation  relations  between  themselves  and 
commutation  relations  with  the  even'  generators.  This  larger  algebra  circumvents  the 
restrictions  of  the  cm  theorem  vis-a-vis  mixing  of  internal  and  space-time  symmetries, 
and  opens  up  possible  avenues  of  unification  involving  gravitation.  Acting  on  local 
fields  this  algebra  has  the  effect  of  transforming  a  fermion  field  into  a  boson  field  and 
vice-versa;  hence  the  name  supersymmetry. 

In  what  follows,  we  shall  first  of  all  discuss  briefly,  the  supersymmetry  algebra 
obtained  by  grading  the  Poincare  Algebra,  its  extensions  and  irreducible  represen¬ 
tations,  in  flat  space  (global  supersymmetry).  We  shall  point  out  the  action  of  this 
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algebra  on  local  fields,  and  exhibit  local  field  theories  invariant  under  global 
supersymmetry  transformations.  One  then  generalizes  these  to  the  case  where  the 
supersymmetry  (ss)  transformations  depend  on  space-time  (local  supersymmetry).  It 
turns  out  that  successive  local  ss  transformations  are  equivalent  to  a  general  coordinate 
transformation.  Thus,  local  ss  is  intimately  linked  to  gravitation.  Furthermore,  the 
nature  of  the  ss  transformation  implies  a  Noether  current  transforming  as  a  spin-3/2 
field  under  homogeneous  Lorentz  transformations,  thus  requiring  a  spin  3/2  gauge 
field  (gravitino)  in  the  locally  supersymmetric  (gauged)  version.  The  locally  supersym¬ 
metric  spin  2-spin  3/2  theory,  called  simple  supergravity,  is  written  down  as  the  sum  of 
the  Rarita-Schwinger  and  Einstein-Cartan  actions.  We  next  discuss  the  consistency  of 
the  equations  of  motion  of  this  system  in  the  light  of  the  new  fermionic  gauge 
symmetry.  This  is  followed  by  brief  descriptions  of  the  matter-couplings  of  the  simple 
supergravity  multiplet,  as  well  as  its  extensions  (N-extended  supergravity).  We  then  go 

c. 

on  to  a  short  expose  of  the  Hamiltonian  structure  of  simple  supergravity,  alluding  to 
the  beautiful  work  of  Teitelboim  (1977)  and  Deser  and  Teitelboim  (1977)  and  Grisaru 
(1978)  w  hich  has  led  to  (a)  an  alternative  derivation  of  the  supergravity  action  in  terms 
of  the  Dirac  square  root  of  the  Einstein  theory,  (b)  a  proof  of  the  positivity  of  the  adm 

mass  in  classical  Einstein  theory.  Next  we  introduce  superspace  and  briefly  discuss  the 

•  # 

various  formulations  of  supergravity  in  superspace.  We  conclude  with  a  few  remarks  on 
the  renormalizability  properties  of  quantized  supergravity. 


2.  Global  supersymmetry 

We  augment  the  Poincare  algebra 

=  0;  (1) 

[M„v,  Mpk]  =  1  + three  other  terms, 

where  P(J,  Mf)>  are  the  translation  generators  and  generators  of  homogeneous  Lorentz 
transformations  respectively,  by  introduction  of  a  new  Majorana  spinor  generator  Qx, 
OL  =  1,  2,  3,  4,  obeying, 

[&,  pj  =  o,  [q„,  m„j  =  iK <2> 

where  a ^  Further,  we  postulate  that 

{&.(>,}  =  <3> 

where,  in  the  Majorana  representation  for  y-matrices,  Qt  =  (Q'y°)p-  Note  that  (3) 
contains  an  anti-commutator,  as  it  must,  in  order  to  be  consistent  with  (2);  this  is  the 
novel  aspect  of  the  algebra  described  by  (1)  to  (3). 

Two  consequences  of  this  ‘super’  algebra  are  immediately  evident: 

(i)  Since  [£z,  P2]  =0,  members  of  the  same  irreducible  representation  of  the  algebra 
have  the  same  mass.  But,  because  [Qx,  M/n  ]  f  0,  particles  of  different  spin  belong  to 
the  same  (super)  multiplet.  This  latter  aspect  is  specific  to  the  supersymmetry  algebra 
and  has  no  counterpart  in  ordinary  internal  symmetry  algebras. 

(ii)  Equation  (3)  implies  that  successive  actions  of  Qx  are  equivalent  to  a  coordinate 
translation;  or  in  more  picturesque  language,  ‘a  supersymmetry  transformation  is  the 
square  root  of  a  translation’. 


Introduction  to  supergravity 


25 


One  can  generalize  to  the  case  of  several  (N)Q's,  labelled  Qla,i  =  1,  .  .  .  N,  satisfying 
the  algebra 

{Q^Qi}  =  s,i(y„U^  +  ^UZ,J+(ys)atZ‘i,  (4) 

where  Z,  2  are  called  central  charges;  they  commute  with  all  generators  of  the  super¬ 
algebra.  The  Q" s  have  a  natural  N-dimenstonal  (vector)  representation  under  O(N) 

tei-  B,]  =  S‘/Qi;  [B„BJ=fIJKBK,  (5) 

where  B,are  the  generators  of  the  internal  group  O(N).  Equations  (4)  and  (5)  provide 
the  first  ghmpses  of  non-trivial  mixing  between  space-time  and  internal  symmetries  in 
flat  space. 

Consider  now,  the  lowest  dimensional  irreducible  representations  of  the  super 
Poincare  algebra.  For  simplicity,  we  restrict  ourselves  to  the  massless  case.  The 
supermultiplets  are  characterised  in  this  case  by  the  helicity.  In  the  simplest  case  with 
only  one  Q2  ( N  =  1  ss)  the  supermultiplet  with  lowest  dimensionality  in  terms  of 
helicity  states  (4)  has  the  helicity  content  (±2,  ±(A  —  -J- )).  For  example,  with  A 
=  2,  we  have  the  multiplet  ( ±  2,  ±  3/2),  which  is  the  celebrated  simple  supergravity 
supermultiplet.  /.  =  1/2  gives  us  the  supermultiplet  (±  1/2,  ±0),  which  is  the  Wess- 
Zumino  (1974)  multiplet.  In  the  case  of  extended  supersymmetry,  the  Q's  and  Q's  act  as 
lowering  and  raising  operators,  and  different  helicity  states  with  various  multiplicities 
depending  on  N  appear  in  the  irreducible  supermultiplet  of  lowest  dimension.  We 
reproduce  in  table  1  various  multiplicities  for  O(N)  ss  due  to  Scherk  (1979). 


Table  1.  Multiplicities  of  various  supermultiplets  in  N -extended  ss. 


\  N 
Spin 

1 

2 

3 

4 

5 

6 

7 

8 

9 

5/2 

1 

2  1 

1 

1 

1 

1 

1 

1 

1 

1 

10 

3/2 

1  1 

1 

2 

1 

3 

1 

9 

5 

6 

8 

8 

45 

1 

1  1 

1 

2 

1 

1  3 

3 

1 

4 

6 

10 

16 

28 

28 

120 

1/2  1 

1  2 

2 

1 

4  3 

1 

4 

7 

4 

11 

26 

56 

56 

210 

0  2 

4 

2 

6  2 

6 

8 

2 

10 

10 

70 

70 

256 

1  his  shows  that  for  N  >  8,  the  lowest  dimensional  supermultiplet  has  10  gravitons  and 
a  spin  5  2  particle.  In  view  of  the  recently  found  inconsistencies  (Aragone  and  Deser 
1(>79)  in  the  couplings  of  the  spin  5/2  field  and  also  from  the  aesthetic  requirement  of  a 
smalt  graviton,  N  ~  8  ss  appears  to  be  the  largest  extended  ssthat  need  be  considered. 

Wc  now  discuss  the  action  of  the  supersymmetry  algebra,  in  particular  of  the 
supersymmetry  generator  Q .  on  local  fields.  These  would  yield  field-theoretic 
realizations  of  the  algebra  (fayet  and  Ferrara  1977;  Wess  and  Bagger  1981) 
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2.1  W ess-Zumino  multiplet  [1/2,0]: 

This  model  contains  a  scalar  field  /4(x),  a  pseudoscalar  B(x)  and  a  Majorana  spinor 
ip(x).  The  kinetic  energy  part  of  the  action  is 

lo  =  J  d4x  <^(dgA)2 +%(dgB)2 +  (6) 

Under  the  supersymmetry  transformations 

Ms[fiM]  =  Ssb  =  izystp* 

=  i&'l'}  =  dM  +  y5B)y%  (7) 

where  e  is  a  space-time  independent  totally  anticommuting  Majorana  4-spinor 
parameter,  one  obtains  3SI0  =  0.  The  Noether  (super)-current  corresponding  to  this 
invariance  is 

S„«  =  [dvM+  y5B)yvyfl^a  (8) 


2.2  Vector  multiplet : 

(1,  1/2)  [contains  a  vector  and  Majorana  spinor] 

r 


I 


0  — 


l  —  -F2 

I  4  r  nv 


T  2 


1 

h 


J 

SsI0  =  0  under 


=  ley^A,  SsA  = 
V  =  2 


2.3  Linearized  supergravity: 

(2,  3/2)  [symmetric  2nd  rank  tensor  and  vector  spinor] 

r 


+  1 3,2  = 


J 


*  (d„<0,„A  -  A  -  2)) 

where  the  last  term  is  the  Rarita-Schwinger  action.  <5S/  =  0  under 

<y>"v  =  +  >'>');  Wu  = 

where  c^v>l(/i)  =  I(dfc)  [schematically], 

v  =  i£wx[ysyyV<»Xa£(h)°oz~]*- 

Additional  invariances: 

Sip^  =  ^a(x)  [Abelian  gauge  invariance], 

Sh ^  =  d^v(x)  [Linearized  co-ordinate  invariance]. 


(9) 

(10) 

(ID 


(12) 

(13) 

(14) 

(15) 
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One  observes  from  these,  e.g.,  from  (a)  that 
[Sl5J2JA(x)  =  2E2y^l^A(x). 


(16) 


This  is  referred  to  as  ‘the  square  root  property'  of  ss. 

3.  Local  supersymmetry 

We  now  generalize  to  the  case  where  e  =  e(x),  i.e.  gauge  the  supersymmetry  algebra 
locally.  An  immediate  consequence  emerges  from  (16) 


(17) 


[<5],  <5s2]/l(x)  =  2e2(x))’%(x)<\/4(x)  +  other  terms. 


The  quantity  2e2(x)y/1£1(x)  =  indicates  a  space-time  dependent  translation,  also 
known  as  a  general  coordinate  transformation.  (The  ‘other  terms'  exist  for  local  e(x)  but 
need  not  concern  us  here).  It  follows  that  local  ss  is  intimately  linked  to  gravity,  or,  in 
particular,  the  Einstein  action  of  general  relativity  must  be  part  of  every  locally 
supersymmetric  action.  This  implies  further  that  the  simplest  (minimal)  locally 
supersymmetric  model  must  also  contain  the  supersymmetric  partner  of  the  graviton, 
namely  the  spin  3/2  gravitino.  This  model  is  called  simple  (or  N  =  1)  supergravity. 

There  are  several  alternative  derivations  of  the  simple  supergravity  action.  We  outline 
here  the  approach  of  Deser  and  Zumino  (1976).  They  use  the  tetrad  formalism  where 
one  introduces  tetrad  (or  vierbein)  fields  c“(x),  c£(x),  (where  Greek  indices  refer  to  the 
general  Riemannian  manifold,  and  Latin  ones,  to  the  tangent  Minkowski  space  at  point 
x)  satisfying  the  relations 


General  coordinate  frame  (world)  tensors  are  linked  to  tangent  space  tensors  by  means 
of  these  tetrads.  Further,  they  use  the  first  order  formalism  for  gravitation  (Kibble 
1960).  involving  the  Einstein-Cartan  action  for  gravitation  where  e°{x)  and  the  spin 
connection  functions  (o°b(x) are  treated  as  independent  variables.  The  gravitational  part 
of  the  action  is  therefore. 


=  d4xe(x)<(x)^(x)/?^(x). 


(18) 


flat  space  by  the  Rarita  Schwinger  action  (1941);  we  use  here  the  minimal  coupling 
prescription  to  couple  it  to  gravitation: 


(19) 


Thus. 


(20) 


(21) 


bquation  (21 )  is  (he  celebrated  supergravity  action  in  the  form  first  proposed  by  Deser 
and  Zumino  (1976). 
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An  alternative  derivation  has  been  given  by  Boulware  et  al  (1979),  extending  the 
analysis  ot  Deser  (1970)  for  pure  gravity.  In  this  scheme,  the  invariances  of  linearized 
supergravity,  viz  global  ss,  local  Abelian  gauge  invariance  and  linearized  general 
coordinate  invariance,  as  shown  to  imply,  by  self-consistency  arguments,  the  full 
nonlinear  action  of  supergravity.  In  a  third  approach  based  on  the  second  order 
formalism  [co  =  co(e)  -f  M*/0],  Freedman  et  al  (1976)  have  also  derived  the  complete 
supergravity  action  (for  reviews  of  these  methods,  see  van  Nieuwenhuizen  1981  and 
Deser  1980).  This  last  approach  was  historically  perhaps  the  earliest  derivation  of  the 
supergravity  action. 

The  field  equations  (in  first  order  form)  for  (21)  are 

Se:  G»a  =  R^-^e^R  =  je ~  1  Daxjj ^  (22) 


T  »a(ip) 


Soj:  C%  =  D[veap]  =  $ipvyaipp,  (23) 

(torsion) 

W-  R“  =  =  o.  (24) 

Given  the  form  of  (24),  one  raises  the  question  as  to  whether  R"  =  0  is  valid  when  (22) 
and  (23)  are  used.  This  is  not  an  idle  question  since  precisely  this  issue  of  consistency  has 
thwarted  all  previous  attempts  to  couple  the  Rarita-Schwinger  field  to  other  fields  like 
the  Maxwell  field. 

To  study  this  question,  one  calculates  DpR*  =  Dp  (SI  SG/ S\p  and  inserts  (22) and  (23) 
to  determine  if  Dp  Ru  =  0.  [In  the  Rarita-Schwinger  Maxwell  system,  e.g.  D^R^  ±  0,  see 
Deser  1980  and  references  therein].  In  this  case  one  can  show  that 


dlsG  — 


SI  SI, 
Seap  Sipp 


Swah 


ab 


=  0. 


(25) 


under  the  local  ss  transformations 

Ssipp  =  2  Dpv(x)-  Sse°(x)  =  ie(x)yaif/ p(x) 

Ss<b  =  ^vXp^)evbysyaD^p.  (26) 

This  implies  that  as  a  result  of  (22)  and  (23)  and  Fierz  transformations  of  the  Majorana 
spinor. 


D,tRu  =  0.  (27) 

Thus,  the  consistency  of  the  Rarita-Schwinger  Einstein  system  is  ensured  by  local  ss. 
Additional  features  of  the  supergravity  action  are  of  course  general  coordinate 
invariance  and  local  Poincare  invariance.  The  Abelian  invariance  of  ^|/^  is  now  replaced 
by  a  non-Abelian  fermionic  gauge  invariance,  [i.e.  ot(x)  =  e(x)],  with  i p ^  acting  as  the 
gauge  field.  It  is  remarkable  that  this  new  fermionic  invariance  has  (a)  made  all  i p ^ 
couplings  consistent,  and  (b)  fixed  the  minimal  coupling  strength  at  k.  However,  the 
supermultiplet  (2,  3/2)  is  to  be  viewed  as  a  gauge  multiplet,  and  one  must  therefore 
consider  coupling  of  (globally)  supersymmetric  lower  spin  matter  to  this  multiplet. 
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4.  Matter  couplings  and  extended  supergravity 

In  the  above,  we  saw  that  the  local  supersymmetry  algebra  closes  only  when  the  field 
equations  are  used.  For  ofT-shell  invariance,  one  must  introduce  non-dynamical 
auxiliary  fields  which  ‘uniformize’  the  ss  transformations.  For  the  simple  supergravity 
theory,  we  need  a  scalar  S(x),  a  pseudoscalar  P(x)  and  a  vector  L(x),  to  yield  closure  of 
the  algebra  without  using  field  equations.  The  auxilliary  Lagrange  density  is 

^Aux  =  l(S2  +  P2  +  ly  P)  +  0'T.  (28) 

Thus,  the  absence  of  kinetic  energy  terms  makes  these  fields  unpropagating.  These  turn 
out  to  be  useful  for  matter  coupling.  In  general,  the  (2,  3/2)  system  is  coupled  to  ‘super’ 
matter  minimally  through  the  supercurrent  s£fter:  ^matter  =  9^^.  Local  SS  also 
requires  contact  terms  analogous  to  e2\(p\2 A2  in  scalar  qed.  This  implies  that  the  ss 
transformation  of  is  modified:  Sipfi  =  D^e(x)  4-  matter-dependent  terms. 

Introduction  of  S.  P  and  Vy  fields  makes  these  additional  terms  tractable.  However,  so 
far  there  is  no  geometrical  understanding  of  these  auxiliary  fields.  Only  their  algebraic 
role  turns  out  to  be  useful. 

Let  us  now'  consider  extensions  of  the  simple  supergravity  theory,  i.e.  systems  with 
more  than  one  global  charge.  From  table  1,  it  is  obvious  that  the  number  of  gravitinos  in 
any  O(N)  supergravity  theory  is  equal  to  N,  the  number  of  spinorial  generators  Q‘.  Thus, 
take  for  example 

J  =  ^SG+  1)» 

=  4  +  h,2  +  h,2  (x)  +  h  (A)  +  j  d  AxJ-SP  +  /COUp.  (29) 

One  can  show  that  there  exists  a  global  0(2)  symmetry:  \p*  =  ipu,  \p2  =  yu  transform 
vectorially  under  0(2),  and  leaves  /  invariant.  One  can  define  a  Dirac  gravitino  ip  ^  =  ip 
+  this  just  shows  that  a  Dirac  spinor  is  an  0(2)  object.  An  immediate  outcome  of 
this  above  example  is  the  consistent  coupling  of  the  gravitino  and  Maxw  ell  fields,  which 
has  been  impossible  to  achieve  outside  of  ss  (Deser  1980). 

B\  inclusion  of  more  lower  spin  fields  in  the  above  manner,  one  can  construct 
consistently-coupled  locally  supersymmetric  theories  of  extended  supergravity,  cor¬ 
responding  to  3,  4.  .  .  .  generators.  The  maximal  extended  supergravity  model  con¬ 
sistent  with  a  single  graviton  and  no  higher  (i.e.  >  2)  spin  fields  is  the  N  =  8 [0(8)] 
supergravity  theory.  Since  O  (8)  J>  SU( 3)c  x  [50(2)  x  U(  1  )]„,s  it  is  not  a  phenomenolo¬ 
gically  useful  theory  for  unification  of  all  particle  interactions,  if  treated  as  a 
undamental  theory  (i.e.  if  0(8) SG  fields  are  considered  as  the  fundamental  fields). 
However.  Ellis  (1981)  has  recently  proposed  a  scenario  in  which  the  0(8)  supergravity 
theory  is  a  theory  of  preons  of  which  the  known  particles  (gluons,  H  -bosons,  quarks 
etc.)  are  bound  states.  In  this  case  it  is  possible  in  principle  to  achieve  ‘supergrand 
unification  However,  the  theory  is  too  unwieldly  to  base  any  meaningful  predictions 


5.  Hamiltonian  structure  of  supergravity 

lin'l’/rT  T  a'm  iS '°  dcl,nca'e  ,he  addi,ional  features  of  (he  canonical  constraint 
structure  of  simple  supergravity.  with  regard  to  that  of  gravity  First  of  all,  observe  that 
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in  flat  space,  the  Rarita- Schwinger  action  can  be  written  non-covariantly  as 


k  )  ■ 


(30) 


Clearly  the  component  ip0,  having  no  time  derivatives,  is  a  Lagrange  multiplier,  and  its 
coefficient  is  a  constraint 


oijdi\j/j  =  0,  (31) 

where  y-algebraic  identities  have  been  used  in  (31).  Sudarshan  and  Johnson  and 
Velo  and  Zwanziger  have  shown  that  (31)  has  no  unique  solution  (for  a  review  and 
references,  see  e.g.  Deser  1980).  One  can  write  t/q  =  \Jt]  4-  <3,-y,  such  that 

Vi?7  =  0.  (32) 

This  implies,  from  (31) 

(}’•  V)(y-t/C  )  =  0,  (33) 


which  has  a  solution 

y-ip7  =  0. 


(34) 


Equations  (32)— (34)  reduce  the  number  of  physical  degrees  of  freedom  of  i/^  to  one,  i.e., 
two  helicity  states,  as  is  appropriate  for  a  massless  particle  with  spin.  The  physical 
component  can  be  projected  out. 


•A?7  =  pijyjykPki'Ph  where  Pu 


(35) 


The  Rarita-Schwinger  action,  written  entirely  in  terms  of  the  physical  component  ip]1  is 


/3/2  =  —j  |  d 4xif/TTfliJ/TT'  (36) 

Now  consider  pure  gravity.  It  is  well  known  (Arnowitt  et  al  1960ab,  1961)  that  the 
Hamiltonian  of  gravity  is  a  constraint 

=  NtlRfl,  (37) 

where  N 71  are  Lagrange  multipliers,  and 

R°  =  nijnij  —  \n2  —  Cg)112  3R  =  0, 

R1  =  —  2DjUij  =  0.  (38) 

In  the  tetrad  formalism,  we  have  16components  for  e ",  i.e.  6  extra  over  and  above  the  10 
of  the  metric.  These  6  extra  components  correspond  to  the  freedom  of  local  Lorentz 
transformations,  and  are  eliminated  as  follows: 

.W  (tangent  space)  =  ea0Ca{x)  +  2coo’J ab  (^^^ 

[Einstein  constr.  [extra] 
in  tetrad  form] 

Finally,  we  discuss  the  case  of  N  =  1  supergravity  (Teitelboim  1977).  We  simply  add 
on  to  (39),  the  gravitino  constraint  piece  discussed  above  [(31)]: 

Jf  sc  =  ea0Ca(x)  +  $(Da0bJab(x)  +  ij/os(x)- 


(40) 
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We  can  verify  that  the  constraints  satisfy  the  algebra 

=  '^•^M^<4,(*-*')  +  three  more  terms, 

[C»,  JJx'n  =  (41) 

[CJx),  C6(x')]  =  + 

where  Clabcd  =  Rabcd  -  + t l/bT„d, 

fab  =  ^abcMV~^V), 

Z cab  =  7 5  (7 tfab  +  2^7*  fb  ~  <W*  fa)- 

This  is  the  constraint  algebra  corresponding  to  pure  gravity.  In  addition,  we  have  the 
gravitino  constraint  algebra 

[S(x),  Jab{x')']  =  —  j(JabS(x)S*(x  —  x'), 

[5(x),  Cc(x')]  =  I cabJ  flb(x)<54(x  -  x'),  (42) 

{S(x),  S(x')}  =  —  2yflCa(x)<54(x  —  x'). 

Suppose  S  is  not  known;  one  could  attempt  to  obtain  an  expression  for  S,  such  that 
the  algebra  of  constraints  is  satisfied.  This  would  then  lead  to  the  Hamiltonian  for 
supergravity.  One  makes,  following  Teitelboim  (1977),  the  ‘square  root  ansatz’: 

S  =  +  4<rij  D  iifr  j,  (43) 

which  is  obtained  by  linearizing  the  Einstein  constraint  R()  in  (38)  w  hich  is  quadratic  in 
n".  Using  the  fundamental  anticommutation  relations 


and 


'Pj(x')}  =  -i }’«•}’ jS*(x-x'\ 

{°„D'jHx).  o,mD'x.  t/'m(x')}  =  £3R(.x)<54(.x-x'|, 


(44) 


one  obtains  the  following  remarkable  results: 

(i)  The  ansatz  (43)  satisfies  the  algebra  of  constraints 

(ii)  S  =  0  has  a  unique  solution,  in  contrast  to  the  flat  space  Rarita-Schwinger 
constraint  [(31 )]. 

Oil)  We  have  indeed  obtained  the  supergravity  Hamiltonian  as  a  precisely-defined  square 
root  (in  the  sense  ot  Dirac)  of  the  Einstein  Hamiltonian  for  pure  gravity. 

The  constraint  analysis  presented  above  has  a  very  interesting  by-product.  Deser  and 
Teitelboim  (1977)  have  shown  that  the  adm  mass  analogue  for  supergravity  is  non¬ 
negative.  as  a  direct  consequence  of  the  square  root  property.  For  asymptotically  flat 
spacetimes,  the  adm  mass  is  defined  as  a  flux  integral  over  a  surface  at  spatial  infinity 

dl - Vg\  (45) 

where  is  the  Newtonian  component  of  the  spatial  metric.  We  assume  that  fields  fall  ofT 
sufficiently  rapdily  as  r  oc.  One  can,  analogously,  define  a  global  supercharge 

Q  u  f  dr<r"^  (46) 


assuming  «//, (  r  )  j - 1/|?|2. 
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Using  the  algebra  of  constraints,  these  asymptotic  generators  can  be  shown  to  satisfy 
the  same  algebra  as  the  flat-space  generators,  viz.  the  super  Poincare  algebra  [  ( 1 )— (3)]. 
This  implies. 


p°  =  i  I  ( Qot)2  0. 

a  =  1 


(47) 


Thus,  the  adm  mass  for  supergravity  is  positive. 

Consider  now  the  following  remarkable  observation  by  Grisaru  ( 1 978).  One  can  write 

P°SC=  P°Ae)+  P°2  (<>,</,),  (48) 

where 

P°2(e,  0)  =  0.  (49) 


We  now  look  at  the  matrix  elements  of  P?c  between  physical  states;  these  have  the 
functional  integral  representation 


<I^GI> 


m 

* 

[de]  [dip~\  exp  (iS/h)  P°{e,  \jj). 

*[<*] 


(50) 


We  evaluate  the  integral  for  (//[«]  =0  to  ^[h]  =  0,  i.e.  for  zero  gravitino  asymptotic 
states.  We  then  restrict  ourselves  to  the  classical  limit  h  ->  0,  which  confines  us  to  only 
tree-diagrams  with  no  gravitino  loops.  This  obviously  corresponds  to  pure  Einsteinian 
gravity.  Going  back  to  (47),  we  deduce,  in  this  limit 


lim  <0|P?(c)|0>  ^0,  (51) 

-o 


for  all  physical  graviton  states.  The  left  side  of  (51 )  is  the  adm  mass  for  pure  gravity,  and 
the  inequality  is  a  proof  of  the  positivity  of  the  adm  mass  for  gravity.  It  is  important  to 
point  out  that  the  above  proof  is  by  no  means  rigorous,  and  has  since  been  improved  by 
Witten  (1981)  and  others.  However,  the  appeal  of  the  above  approach  is  in  its  simplicity; 
indeed  no  detailed  solution  of  constraints  was  necessary  to  arrive  at  (5 1 ),  but  merely  the 
existence  of  the  square  root  property.  Also  it  appears  as  though  Einstein’s  gravity 
‘knows’  of  its  doubly  gauge-invariant  coupling  to  the  gravitino;  the  coupling  is  not 
actually  necessary.  The  marriage  need  not  be  consummated!’ 


6.  Superspace 

Having  established  that  the  supergravity  action  is  the  square  root  of  the  action  for  pure 
gravity,  it  is  logical  to  enquire  as  to  what  the  square  root  of  space-time  could  be.  The 
answer  is  superspace  (Salam  and  Strathdee  1974) — an  augmented  version  of  space-time, 
where  we  have  added  on  to  the  space  coordinates  x°,  x1,  x2,  x3,  a  set  of  four 
anticommuting  coordinates  0a,  a  =  1,  2,  3,  4  which  are  elements  of  a  Grassmann 
algebra.  They  obey 

0",()«]  =  0  =  {0..0,}  ={Oaro„).  (52) 

We  also  introduce  the  superspace  coordinate  zM  =  [x^,  0a~\.  zM  has  the  following 
infinitesimal  transformation  property: 
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ss  transformation  zM  — ►  ( x *  +  /£}’m0,  0*  -I-  £a), 

Translation  zM  -*  (xh  -I-  a*1,  6*). 

Homogeneous  Lorentz  Transformation 

zu  ->^xl‘  +  \0Jl‘'xy,ff•  +  ^0J“''a^e•).  (53) 

These  show  that  0°  are  Majorana  spinorial  coordinates.  Further,  we  have  the  square 
root  property  for  ss  transformations 

[^i^2]^  =  (2£1A2,0).  (54) 

For  extended  ss,  we  have  as  many  (?®’s,  as  the  number  of  ss  generators  Qx's,  i.e.  0®, 
/  =  1,  .  .  .  N  for  N -extended  ss.  Furthermore,  {0®}  transform  irreducibly  as  an  TV- 
dimensional  representation  of  the  group  0{N).  Thus,  in  contrast  to  the  usual  spacetime 
coordinates  which  remain  completely  aloof  to  internal  symmetry,  the  superspace 
coordinates  have  components  {the  6a's}  that  transform  non-trivially  under  the  action  of 
the  internal  symmetry  group.  This  is  the  first  time  that  spacetime  (or  superspace) 
geometry  has  been  unified  with  internal  symmetry  transformations. 

One  can  now'  define  functions  over  superspace  V  =  V(z)  with  definite  transformation 
properties  under  Poincare  transformations.  Under  infinitesimal  ss  transformations, 
V(z)  transforms  as 

[IQ.  F(z)]  =  \e^-  +  iey,l0dp\  F(z).  (55) 


Because  of  the  anticommuting  nature  of  the  6a's.  a  Taylor  expansion  of  F(z)  in  powers 
of  0  converges  fairly  rapidly; 


F(z)  =  V(x,  0)=  X  S.  y„t . . .  Jx)0*<  .  .  .  6 \ 


n  =  1 


(56) 


where  I  a>(x)  are  ordinary  fields  of  various  spins  belonging  to  one  multiplet.  V{z) 
also  includes  auxiliary  fields.  If  F(z)  is  a  real  Lorentz  scalar,  it  will  have  fields  up  to  spin  1 
(vector).  In  this  case,  it  can  be  decomposed  non-locally  as 


F(Z)  =  S(z)  +  7(z)  +  J/(z)transverse 


(57) 


where  S(z)  and  7(z)  are  chiral  (Wess-Zumino  type)  super  multiplets,  satisfying 
differential  constraints 


(1  ±>’s) 


d0° 


+  'W), 


=  o. 


(58) 


It  can  be  shown  that  the  Wess-Zumino  type  supermultiplets  with  Lagrangian  given  b\ 
(fi).  can  be  written  in  superfield  notation  as 

~^s  =  C^*S]comp  x  04. 

We  can  now  generalize  to  curved  superspace,  i.e.  the  superspace  of  general  super- 
coordinate  (z)  transformations 

+  i  (Z)-  (60) 
Intrinsic  global  properties  (i.e.  topology)  of  superspace  are  not  as  ye.  common 
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knowledge.  For  physicists,  it  is  sufficient  to  focus  on  the  local  aspects  of  superspace. 
There,  one  has  the  choice  of  the  local  geometry. 


6.1  Gauge  supersymmetry 

Arnowitt  and  Nath  (1978)  choose  the  supermanifold  to  be  locally  pseudo-Riemannian, 
i.e.  possess  a  metric  structure,  but  not  necessarily  of  well-defined  signature.  Further,  the 
tangent  space  group  is  taken  to  be  the  orthosymplectic  group  O  sp(3,l/4).  We  have  the 
supertetrad  EA(Z),  where  A,  B.  .  .  .  are  tangent  space  indices,  and  M,  N  ...  are  world 
indices.  The  supermetric  is  written  gMN ,  and  has  an  analogous  relationship  to  E  A (Z)  as 
for  ordinary  spacetime.  The  tangent  space  metric  is  rjAB=  rjmnKCap,  where  C  is  the 
charge  conjugation  matrix.  The  infinitesimal  invariant  line  element  in  superspace 

dS2  =  g  MNdzM  dzN,  (61) 

with 

QmnQnp  =  (no  torsion).  (62) 

To  define  parallel  transport,  we  need  to  define  an  affine  super  connection.  By  virtue  of 
the  pseudo-Riemannian  character  of  superspace,  we  take  this  to  be  the  super  Christoffel 
symbol  V sp(g)  =  YBN(g)  (symmetry  property).  Curvature  is  defined 

RDABc=^YDBC+rEACYDBE-(A^B).  (63) 

The  Einstein  action  is  written  as 


I(K)  = 


r 

d  z{-g)l/2R, 


J 


(64) 


lim  I(K) - s~/SG  (usual)  +  higher  derivative  terms. 

k_^q  components 

The  field  equations  are 

Pms-iQmsR  =  0  for  pure  supergravity.  (65) 

The  gauge  supersymmetry  theory  is  ultraviolet  finite  to  all  orders  of  perturbation 
theory,  but  because  of  the  presence  of  higher  derivative  terms,  has  unphysical  particles 
(ghosts  etc.),  and  therefore  cannot  correspond  to  a  realistic  spectrum. 


6.2  Affine  superspace 

Superspace  is  supposed  to  have  an  affine  structure  to  enable  definition  of  parallel 
transport  (Wess  and  Zumino  1978;  Ferrara  and  van  Nieuwenhuizen  1978;  Ogievetsky 
and  Sokatchev  1978;  Siegel  and  Gates  1979).  The  tangent  space  group  is  taken  to  be 
0(3,  1 ),  viz.,  the  homogeneous  Lorentz  group,  and  the  tangent  space  is  not  Riemannian; 
it  has  the  invariant  tensors 


*1  ab  — 


( 00  \ 

and  nM-(0yO) 


which  are  not  inverses  of  each  other.  One  defines  the  affine  superconnection  as 


<tM  =  4>tJ 


ab ' 


(66) 
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and  the  super  covariant  derivative  as 

E  M' 


(67) 


(68) 


The  curvature  and  torsion  are  defined  by  the  equation 

=  -RAB°hXab-C'AB®c, 


(69) 


where  the  commutator  is  taken  between  ordinary  space-time  derivatives,  and  anticom¬ 
mutator  between  spinorial  derivatives.  Bianchi  identities  for  R  and  C  are  deri\ed  from 
the  super  Jacobi  identities  satisfied  by  the  covariant  derivatives: 

[9Aa  [&b,  &c}  }  +  cyclic  =  0.  (7°) 

Various  formulations  exist,  corresponding  to  choice  of  kinematical  constraints  on  the 
torsion  C.  For  example 


(71) 


The  Bianchi  identities  then  imply  that  RTb  and  the  remaining  components  of  C  can  be 
expressed  in  terms  of  the  super  curvature  scalar  RA  the  super  Einstein  tensor  Ga/5  and  the 
super  Weyl  tensor  .  Constraints  on  C  are  equivalent  to  constraints  on  E  4M{z).  R ,  Ga/j, 
H'Jff  satisfy  certain  differential  constraints.  The  action  for  supergravity 


(72) 


reduces  to  the  component  supergravity  action  if,  the  super  torsion  constraint  is  used.  In 
this  case  Gaa  ~  (afl)ia.4a(.x),  K(x,  0)  ~  S  +  iP,  i.e.  the  auxilliary  fields  for  pure  super¬ 
gravity.  However,  a  different  set  of  constraints  for  E  Jf(z)  also  lead  to  the  same  action  for 
supergravity  in  terms  of  component  fields. 

Superspace  is  the  natural  space  to  discuss  supergravity,  because  of  its  manifestly 
supersymmetrically  covariant  structure.  Present  research  focusses  on  the  solution  of  the 
algebra  of  auxilliary  fields  in  superspace,  setting  up  of  a  tensor  calculus  in  superspace 
and  also  superfield  perturbation  theory.  The  global  properties  of  superspace  is  another 
area  of  intense  mathematical  activity. 

7.  Conclusion 

We  conclude  our  survey  of  supergravity  with  a  few  remarks  on  the  ultraviolet  properties 
of  the  quantized  version  of  the  theory.  It  was  shown  by 't  Hooftand  Veltman  (1974)  that 
pure  source-free  gravity  has  a  one-loop  finite  S-matrix.  There  exist  non-vanishing 
higher  order  invariant  counter  terms  that  do  not  vanish  when  the  field  equations  are 
used,  thus  invalidating  a  finiteness  argument  at  higher  orders.  Coupled  to  matter  of 
lower  spin  ( <  2).  gravity  is  infinite  even  at  one  loop  (Deser  et  al  1974),  following  the 
same  counterterm  arguments. 

I  urc  supergravity  (2.  3  2)  has  better  ultraviolet  properties  than  ordinarv  gravity.  A 
finite  S-matnx  exists  upto  two  loops  (Deser  et  al  1977;Grisaru  1977;Grisaru  et  al  1976). 
At  three  loops,  one  has  an  invariant  non-vanishing  counterterm  called  the 
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Bel-Robinson  tensor,  which  ushers  in  once  again  the  same  problems  as  for  ordinary 
gravity  (Deser  1980).  Two  loop  hniteness  exists  even  for  N-extended  supergravity  {N 
^  8),  and  this  is  where  supergravity  has  a  clear  edge  over  gravity:  we  have  interacting 
theories  of  gravity  coupled  to  matter  of  lower  spin  (from  3/2  down  to  0)  which  have 
finite  S  matrices  upto  two  loops.  The  case  for  higher  orders  is  uncertain  for  general  N , 
and  have  only  been  worked  out  for  N  =  2,  where  it  is  not  much  hopeful.  One  expects 
that,  with  larger  N,  the  enhanced  symmetry  might  lead  to  more  accidental  cancellations, 
but  this  is  merely  a  hope  at  present. 

We  have  surveyed  a  unique  gauge  theory  of  gravity  with  a  local  fermionic  symmetry, 
providing  consistent  and  rather  restrictive  couplings  of  gravity  with  lower  spin  matter. 
Its  formal  structure  is  extremely  elegant.  It  also  appears  to  be  the  natural  scenario  for 
unification  of  all  fundamental  forces  encompassing  gravity.  There  is  definite  improve¬ 
ment  in  the  ultraviolet  behaviour  over  ordinary  gravity.  We  have  not  discussed  here 
other  areas  where  supergravity  has  played  a  role:  better  understanding  of  the 
cosmological  term,  explanation  of ‘accidental’  cancellations  in  quantum  gravity  and  so 
on.  There  is  scope  for  more  work  in  the  mathematical  structure  of  superspace  and  also 
in  global  quantization  schemes  to  obviate  the  problems  associated  with  renormaliz- 
ability.  Other  aspects,  like  dimensional  reduction,  anomalies  etc.  are  also  extremely 
challenging  areas. 
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Discussion 

A.  R.  Prasanna :  (1)  What  is  the  significance  of  the  negative  sign  taken  alongwith  the 
Rarita  Schwinger  Lagrangian  in  the  supergravity  action?  (2)  Would  some  mathema¬ 
tician  comment  on  the  fact  that  torsion  is  not  significant  as  it  does  not  give  any  new 
topological  invariants  of  the  manifold? 

P.  Majumdar:  (1)  The  negative  sign  follows  from  the  signature  of  the  metric  of 
Minkowski  space  (which  is  ( —  1, 1, 1, 1)  in  this  case)  and  also  the  representation  of  they- 
matrices,  which  in  this  case  is  the  Majorana  representation. 

C.  Sivaram :  Regarding  long-range  fermionic  forces,  forces  with  a  neutrino-pair 
exchange  have  been  postulated  between  fermions  (which  obeys  a  ~  1/r5  law),  similar  to 
forces  for  exchange  of  a  pair  of  massless  spin  3/2  particles.  Of  course  the  usual  way  to 
avoid  long-range  effects  of  massless  spin  3/2  particles  would  be  to  break  the 
supersymmetry  to  give  them  masses. 

P.  Majumdar:  This  is  correct.  Long  range  (1/r5)  fermionic  exchange  is  avoided  by 
spontaneous  breakdown  of  supersymmetry  and  the  super  Higgs  phenomenon  which 
gives  a  small  mass  to  the  gravitino. 


§  II.  GRAVITATIONAL  COLLAPSE 


INTRODUCTION 

A  comprehensive  treatment  of  gravitational  collapse  encompasses  a  wide  variety  of 
features  ranging  from  the  purely  theoretical  considerations  to  the  observational  aspects 
of  its  astrophysical  consequences.  A  whole  array  of  diverse  branches  of  physics,  such  as 
general  relativity,  nuclear  physics  and  elementary  particle  theory,  as  well  as  advanced 
computational  techniques  have  to  be  employed  in  order  to  describe  the  processes 
inherent  to  this  phenomenon.  In  the  following  articles,  we  shall  sample  some  of  the 
ingredients  that  constitute  the  collapse  scenario. 

In  building  up  the  picture  of  gravitational  collapse,  a  pivotal  role  is  played  by  the 
equation  of  state  of  matter  at  high  densities.  Significant  progress  has  been  made  in 
obtaining  realistic  equations  of  state  by  taking  into  consideration  nuclear  interactions 
as  well  as  the  resulting  emission  of  neutrinos.  Once  the  equation  of  state  is  given,  general 
relativity  steps  in  to  depict  the  dynamics  of  collapse  through  the  Einstein  field  equations. 
One  is  faced  with  a  multitude  of  complexities  here — rotation,  non-sphericity,  magnetic 
fields,  gravitational  radiation  and  so  on.  Not  only  the  most  fundamental  issues  like  the 
cosmic  censorship  conjecture  are  involved  in  these  calculations,  but  also  concrete 
problems  of  detail  figure  prominently.  One  such  question  is  whether  in  the  course  of 
collapse  an  appreciable  fraction  of  the  collapsing  matter  can  be  ejected  thereby 
triggering  a  supernova  explosion.  This  is  where  theoretical  computations  can  make 
important  contribution  to  the  astrophysical  investigation  of  the  types  of  stars  that 
might  give  rise  to  supernovae. 

If  the  end  product  of  the  collapse  is  a  neutron  star  rather  than  a  black  hole,  then  the 
allowed  equilibrium  configurations  and  their  mass-radius  distribution  become  an 
important  element.  General  relativistic  models  can  be  built  for  such  a  study  on  the  most 
general  grounds  not  only  utilizing  our  latest  knowledge  of  equations  of  state,  but  also 
making  allowance  for  our  ignorance  above  and  beyond  the  limiting  densities  below 
which  these  equations  of  state  are  valid. 

finally,  purely  general  relativistic  effects  of  the  highly  curved  spacetime  geometry 
engendered  by  the  collapsing  matter  on  zero  rest-mass  particles,  such  as  neutrinos,  can 
be  analysed  in  detail.  The  situation  is  idealized  by  ignoring  other  interactions  between 
the  neutrinos  and  the  matter. 

It  is  hoped  that  the  next  few  articles  wrill  offer  a  glimpse  of  one  of  the  most  complex 
and  fascinating  areas  of  gravitational  physics. 
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Current  stellar  evolution  calculations  show  that  massive  stars  develop  central  cores  of 
1.5M0  consisting  of  iron-peak  elements  and  supported  by  electron  degeneracy 
pressure.  As  more  of  the  heavier  nuclei  disintegrate  to  form  elements  around  56  Fe,  the 
core  slowly  increases  in  mass  and  density;  so  does  the  electron  chemical  potential, 
making  it  possible  for  them  to  be  captured  by  nuclei.  This  leads  to  the  gradual 
‘neutronization'  of  the  nuclei  and  lowering  of  the  electron  density.  The  subsequent 
behaviour  of  this  supernova  matter,  consisting  of  nuclei,  nucleons  and  leptons  depends 
on  its  equation  of  state  (  eos).  The  recent  progress  in  the  theory  of  the  Eosis  discussed  as 
also  the  role  of  the  neutrinos,  which  are  copiously  emitted  during  the  capture  of 
electron  by  the  nuclei  and  nucleons.  The  significance  of  the  change  of  the  adiabatic 
index  of  the  supernova  matter  with  temperature  and  density  for  the  supernova 
explosion  is  also  pointed  out. 
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Discussion 

R  Praiap.  It  Bubble  is  a  phase  transition,  will  the  entropy  concept  be  still  valid? 

B.  Banerjee :  Like  in  other  kinds  of  phase  transitions  the  concept  of  entropy  should  be 
valid  here  also. 

S.  B  Khadkikar.  How  sensitive  are  the  calculations  to  the  set  of  parameters  used  say 
Sill  or  S\  (without  density  dependence)? 

B.  Banerjee:  It  should  not  be  very  sensitive.  But  we  have  not  done  the  calculations  with 
any  other  set. 

K  ft"  r°r  >hc  "eutnno  trapping  problem.  Betheel  at  constructed  a  diffusion  equation 
and  found  the  diffusion  time  to  be  larger  than  the  time  of  the  contraction  Did  you  have 
some  mechanism  to  calculate  the  same  in  your  calculations'’ 


•Summary  of  the  talk 


41 


42 


B  Banerjee 


B.  Banerjee:  We  have  not  started  looking  into  the  hydrodynamics  so  far.  We  have  been 
concentrating  on  the  equation  of  state. 

K.  Kar:  When  would  the  effects  of  pion  condensation  set  in? 

B.  Banerjee:  Almost  all  currently  available  calculations  find  that  the  critical  density  for 
pion  condensation  is  somewhat  above  the  nuclear  density.  Such  densities  are  probably 
not  reached  in  the  supernova  problem. 

Harish  Bhatt:  Does  the  shortening  of  the  neutrino  mean  free  path  make  any  change  in 
the  energy  of  the  supernova  ejecta? 

B.  Banerjee:  The  energy  of  the  ejecta  depends  on  the  strength  of  the  shock  wave  (that 
blows  off  the  mantle),  which  in  turn  depends  on  the  mean  free  path  of  the  neutrinos. 

M.  N.  Rao:  What  is  the  role  of  nuclear  statistical  equilibrium  and  which  is  the  limit  for 
this  reaction? 

B.  Banerjee:  A  typical  nucleus  of  A  =  500, 1000  is  assumed  and  the  surfaces  of  minimum 
energy  configuration  etc  are  calculated. 

Alok  Ray:  Precisely  how  is  the  temperature  dependence  put  in,  in  the  equation  of  state? 
Presumably  to  go  from  the  Skyrme  interaction  to  your  temperature  dependent 
equation  of  state  you  need  to  make  assumptions  about  the  density  of  excited  states  etc. 
How  do  you  get  for  example  the  surface  energy  of  the  nucleus  (when  it  isT-dependent)? 

B.  Banerjee:  The  temperature  dependence  enters  only  through  the  density  pq  and 
kinetic  energy  density  xq. 
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Gravitational  collapse  is  one  of  the  few  natural  phenomena  that  require  the  general 
theory  of  relativity  for  their  proper  description.  The  study  of  gravitational  collapse 
began  in  the  thirties.  First  came  the  mass  limits  for  stars  or  stellar  cores  that  had 
exhausted  their  nucleal  fuel.  The  pioneering  work  of  Chandrasekhar  gave  the  mass  limit 
of  about  1-4  M  below  which  stars  could  remain  in  equilibrium  as  white  dwarfs  with  the 
degeneracy  pressure  of  electrons  balancing  gravitation.  Likewise  Oppenheimer  and 
VolkofT  obtained  the  mass  limit  of  0-7  AC  for  neutron  stars  in  which  the  degenerate 
neutrons  that  constitute  the  star  provide  the  necessary  pressure.  More  recently  this  limit 
has  been  pushed  upto  3-5  Me  on  the  most  general  grounds.  Any  stellar  core  more 
massive  than  this  is  believed  to  undergo  catastrophic  collapse  resulting  in  a  black  hole 
(Miller  and  Sciama  1980). 

The  first  and  the  simplest  picture  of  gravitational  collapse  was  presented  by 
Oppenheimer  and  Snyder.  The  model  consists  of  spherically  symmetric,  homogeneous 
pressure-free  dust  contracting  under  its  own  gravity.  The  interior  is  represented  by  the 
Friedmann  cosmological  metric  which  is  matched  on  at  the  contracting  surface  to  the 
Schwarzschild  exterior  spacetime.  As  the  pressure  is  zero,  the  configuration  inevitably 
collapses  to  a  black  hole  irrespective  of  the  mass  of  the  sphere.  This  is  the  only  analytical 
description  of  collapse  that  has  been  obtained  so  far.  Essentially  all  work  that  has  been 
done  subsequently  has  employed  numerical  computation.  The  Oppenheimer-Snyder 
collapse  represents  a  highly  idealized  situation.  More  realistic  approaches  depart  from  it 
mainly  in  three  characteristic  features:  (i)  spherical  collapse  with  non-zero  pressure, 
(ii)  inclusion  of  rotation,  (iii)  non-spherical  collapse  without  rotation.  An  important  by¬ 
product  of  nonspherical  collapse  is  the  generation  of  gravitational  radiation.  Some 
t\ pica  1  papers  incorporating  these  aspects  were  discussed  in  order  to  give  a  broad  idea  of 
the  state  of  the  art  in  this  field. 

There  have  been  several  papers  to  date  that  consider  in  detail  the  spherical  collapse 
with  non-zero  pressure.  One  of  the  more  recent  ones  among  them  is  by  Shapiro  and 
Teukolsky  ( 1 980)  which  brings  out  clearly  the  general  relativistic  aspects  of  the  problem. 
The  mathematical  technique  employed  involves  the  Arnowitt-  Deser-Misner  (adm) 
formalism.  Maximal  time  slicing  is  used  instead  of  comoving  or  cosmic  time.  This  helps 
in  “postponing"  the  appearance  of  singularities  thereby  enabling  one  to  follow  the 
formation  of  the  black  hole.  Depending  on  the  combination  of  the  equation  of  state,  the 
initial  condition  and  the  total  mass  of  the  sphere,  three  distinct  possible  processes  were 
observed.  These  are:  (i)  Homologous  core  bounce  in  which  about  50%  of  the  inner  core 
undergoes  homologous  bounce  sending  a  shock  wave  through  the  outer  in-falling 
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matter.  This  offers  the  possibility  ot  ejection  of  the  outer  layers  leading  perhaps  to  a 
supernova  explosion,  (ii)  Nonhomologous  bounce,  in  which  the  shock  emanating  from 
the  central  region  heats  up  the  entire  core  which  comes  to  a  quasistatic  equilibrium 
corresponding  to  an  equation  of  state  different  from  the  original  one.  Dissipation  of 
heat  through  neutrino  transport  would  ultimately  initiate  further  collapse  to  a  black 
hole.  No  mass  ejection  is  possible  during  this  process,  (iii)  Dynamic  collapse  to  a  black 
hole  without  mass  ejection.  In  this  case,  the  geometry  of  the  interior  spacetime  was 
“probed”  by  tracing  the  outgoing  null  geodesics  revealing  the  formation  and  evolution 
of  the  event — and  the  apparent  horizons. 

The  inclusion  of  rotation  into  the  scenario  of  collapse  is  still  in  a  very  rudimentary 
stage.  One  of  the  most  important  issues  here  is  the  validity  of  the  cosmic  censorship 
conjecture:  whether  the  end  product  will  always  be  a  Kerr  black  hole  or  whether  a  naked 
singularity  can  appear  in  some  cases.  The  Kyoto  group  has  been  engaged  in 
systematically  developing  the  basic  analytic  tools  via  adm  formalism  towards  a 
numerical  description  of  axisymmetric  collapse  with  rotation  (Nakamura  1981).  The 
computational  results  published  by  the  group  seem  to  be  rather  preliminary  in  nature. 
Calculations  have  been  carried  out  varying  four  different  factors,  namely  the  equation 
of  state,  the  initial  angular  velocity  profile,  the  mass,  and  the  angular  momentum 
divided  by  the  square  of  the  mass.  Depending  on  the  values  of  the  last  two  parameters 
event  horizons  are  found  to  form  in  some  cases.  In  no  case  was  a  naked  singularity 
observed.  As  the  computations  were  not  carried  out  to  completion,  these  findings  are 
hardly  conclusive  especially  in  shedding  light  on  the  cosmic  censorship  conjecture.  A 
new  feature  that  emerged  in  these  calculations  was  the  generation  of  highly  energetic 
jets  which  might  be  of  astrophysical  relevance. 

An  example  of  non-spherical  collapse  without  rotation  has  been  presented  by  Smarr 
et  al  (1980).  The  process  involves  complicated  fluid  flow  exhibiting  bounces  in  both  the 
polar  and  equatorial  directions.  A  novel  feature  arising  here  is  the  appearance  of 
circulations  left  in  the  wake  of  shocks  which  may  play  a  significant  role  in  mass  ejection. 

As  has  been  mentioned  earlier,  an  essential  part  of  non-spherical  collapse  is  the 
accompanying  gravitational  radiation.  This  aspect  has  been  treated  in  two  methods  of 
approximation.  In  the  first  method,  the  collapse  itself  is  described  within  the  framework 
of  Newtonian  theory  and  the  gravitational  radiation  computed  in  the  weak  field 
approximation.  For  instance,  Saenz  and  Shapiro  (1978)  consider  the  collapse  of  cores 
that  are  non-spherical  due  to  rotation  or  due  to  internal  magnetic  fields.  Different 
quantities  pertaining  to  the  gravitational  radiation,  such  as  the  power  spectrum, 
efficiency  and  the  production  rate  of  the  radiant  energy  are  computed.  These  quantities 
as  well  as  the  form  of  the  wave  trains  reflect  some  of  the  dominant  features  of  the 
collapse  dynamics.  The  second  approach  is  fully  general  relativistic,  but  is  confined  to 
perturbations  superposed  on  spherical  collapse.  In  a  series  of  papers  Cunningham  et  al 
(1978,  1979,  1980)  have  considered  such  perturbations  in  the  first  and  second  orders. 
The  production  and  the  characteristics  of  the  resulting  gravitational  radiation  are  found 
to  be  largely  dependent  on  the  exterior  Schwarzschild  spacetime.  For  instance  a  burst  of 
radiation  is  produced  when  the  surface  approximately  crosses  the  radius  r  =  3m.  This  is 
followed  by  damped  oscillations  corresponding  to  the  complex  quasi-normal  modes 
admitted  by  the  exterior  spacetime  and  finally  by  a  decaying  tail  with  the  time 
dependence  Gf  t  ~ (2/  +  2).  It  is  not  at  all  certain  how  many  of  such  characteristics  would  be 
retained  in  the  non-perturbative  case  of  strongly  distorted  collapse. 

Apart  from  the  task  of  putting  together  a  composite  picture  of  realistic  gravitational 
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collapse,  many  problems  remain  at  individual  levels.  Even  to  begin  with  one  does  not 
know  the  fully  relativistic  rotating  equilibrium  configurations  that  would  constitute  the 
pre-collapse  models.  Further,  the  inclusion  of  magnetic  fields  within  the  collapse 
dynamics  has  not  even  been  attempted  yet.  Nor  has  gravitational  radiation  in  a  highly 
non-spherical  collapse  taken  into  consideration  without  approximation.  When  all  these 
and  other  problems  have  been  handled  properly,  theoretical  calculations  can  be  hoped 
to  yield  valuable  information  pertinent  to  astronomical  observations. 
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1.  Introduction 

It  is  well  known  that  in  the  framework  of  general  relativity  (gr)  and  other  relativistic 
gravitational  theories  neutron  stars  (ns)  have  a  maximum  rest  mass.  This  has  led  to 
considerable  interest*  in  setting  up  maximum  mass  limits  because  this  value  plays  a 
central  role  in  distinguishing  between  a  neutron  star  and  a  black  hole  (bh). 

No  information  on  the  maximum  mass  can  be  obtained  from  gr  alone.  Some 
information  about  the  properties  of  matter  is  essential  and  the  more  stringent  this 
requirement,  the  more  constrained  will  be  the  mass  limit.  The  calculation  of  the  range  of 
ns  mass  would  be  a  routine  matter  if  the  equation  of  state  (  eos)  of  matter  at  the  end  of 
thermonuclear  evolution  were  known  at  high  densities.  Since  this  is  not  so,  the  best  we 
can  do  is  to  avoid  unnecessary  extrapolations  of  the  eos  and  use  instead  a  minimum 
number  of  general  assumptions  of  the  ns  matter.  This  was  done  by  Rhoades  and  Ruffini 
(1974)  who  obtained  a  mass  limit  of  3  02  M T.  This  was  followed  by  a  more  systematic 
investigation  by  Sabbadini  and  Hartle  (1973)  who  relaxed  the  general  requirement  of 
‘causality'  and  obtained  a  mass  limit  of  5  M&.  Later  Chitre  and  Hartle  ( 1 976)  established 
the  3  M q  limit  more  rigorously  by  restoring  the  ‘causality  requirement. 

The  feature  we  critically  looked  into  initially  within  the  framework  of  these  models 
was  the  question  of  size  or  radii  of  these  objects  (Dhurandhar  and  Vishveshwara  1981). 
As  is  well  known,  the  general  relativistic  effects  of  a  distribution  of  mass  is  determined 
not  b)  its  mass  alone  but  by  its  radius  i.e.  the  degree  of  its  compactness.  General 
Relativistic  effects  are  determined  by  the  ratio  of  R  .M.  For  a  bh,  a  totally  relativistic 
object  this  ratio  is  2  while  objects  with  R :  M  greater  than  6  are  almost  Newtonian.  It  is 
between  these  values  that  objects  show  strange  and  interesting  properties  and  for 
convenience  we  subdivide  them  into  two  classes. 

(a)  compact  objects  for  which  3  <  R/M  <  6, 

(b)  ultra  compact  objects  for  which  2  <  R/M  <  3. 

for  ultracompact  objects  the  general  relativistic  effects  are  stronger  and  lead  to 
unusual  properties  e.g., 

in  for  photons  (exactly)  and  neutrinos  (approximately)  studies  show  that  the 
exlcnor  Schwarzschtld  potenlial  has  a  barrier  al  r  =  3 M.  Consequently  the  behaviour 
of  these  zero  mass  particles  is  different  since  there  is  a  possibility  that  some  of  them  mav 
be  trapped  by  such  ultracompact  objects.  In  fact  our  original  interest  in  such  obiecls 


Th,,  .r„ck  draws  heav.ly  „„  Hartle  (.978).  See  also  Chandrasekhar  (1931).  Oppenhe.mer  and  Volkoff 
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came  trom  related  studies  on  neutrinos  in  compact  objects  and  gravitational  collapse 
(Dhurandhar  1983). 

(ii)  The  analysis  of  the  tail  of  x-ray  bursts  shows  that  it  can  be  best  fitted  by  a  black 
body  at  temperature  T.  The  luminosity  L  is  related  to  the  observed  flux  F  and  distance  d 
by 

L  =  <\nd2F.  (1) 

In  terms  of  the  temperature  T 

L  =  4tcR2gT4,  (2) 

where  R  is  the  observed  black  body  radius  and  a  the  Stefan’s  constant.  Thus 

R  =  o~112  Fl,2T~2d.  (3) 

The  effect  of  the  gravitational  redshift  is  to  decrease  the  observed  values  of  F  and  T 
relative  to  the  values  F0  and  T0  on  the  ns  surface,  i.e. 


so  that 
i.e. 


F  =  F0(\+Z)~2,  T=T0(\  +Z)~l, 

R  =  [a~ 112  Fx0,2Tq2  d){\  +  Z), 

/  2M\~ 1/2 

R  =  R0(\  +  Z)  =  R0l  1— —  J 


(4) 

(5) 


where  R0  is  the  real  black  body  radius  of  the  ns.  For  R0  <  3  M  as  mentioned  above  only 
a  fraction  sin2  <5  of  the  emitted  flux  escapes  where 


sin 


<5  =  3^3 


M 

Ro 


2  M\'12 


(6) 


so  that  F  is  multiplied  by  this  additional  factor  leading  to 


R  =  3^/3  M.  (7) 

This  analysis  of  Van  Paradijs  ( 1 979)  shows  that  the  real  and  observed  black  body  radius 
are  related  in  a  different  manner  for  compact  objects  as  compared  to  ultracompact 

objects.  Thus  for  a  fixed  M  the  observed  R  has  a  minimum  value  of  3N//3~M  for  R0 
<3  M.  Also  for  a  particular  observed  value  of  black  body  radius,  the  mass  of  the  ns 
cannot  be  larger  than 


M  =  R/isJl 


R  (km) 
7-7 


M, 


(8) 


This  seems  to  offer  a  method  of  putting  constraints  on  the  M  R  relation  observation- 
ally  modulo  the  identification  of  black  body  radius  with  the  physical  radius. 

Our  preliminary  interest  is  to  look  for  such  ultracompact  objects  within  the 
framework  of  Sabbadini  Hartle-  Chitre  models  which  for  reasons  that  will  be  clear  are 
quite  general. 


2.  The  core  envelope  model 

The  minimal  general  assumptions  made  in  this  model  are: 
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(A  1 )  Matter  is  a  perfect  fluid  described  by  a  one-parameter  eos  relating  pressure  p  and 
energy  density  p 

p  =  Pip)-  (9a) 

(A2)  The  energy  density  p  is  non-negative 

p  ^  0.  (9b) 

(A3)  Matter  is  microscopically  stable 

(dp/dp)  ^  0,  p  ^  0.  (9c) 

(A4)  The  eos  is  known  definitely  below  a  fiducial  density  p0. 

The  above  minimal  restrictions  on  the  properties  of  ns  matter  lead  to  a  number  of 
useful  deductions  on  the  structure  of  spherical  ns  in  gr.  The  spacetime  geometry  of  a 
spherical  ns  is  described  by  the  metric  which  in  Schwarzschild  coordinates  are  given  by 

ds2  =  —  exp[v(r)]  df2  +  exp[/(r)]  dr2  +  r2  (d()2  4-  sin20d</>2).  (10) 

The  Einstein  field  equations 


g?  =  871  rr, 


(11) 


and  the  equation  of  hydrostatic  equilibrium 
F*  =  0 

can  be  rewritten  giving  the  Tolman  Oppenheimer-VolkofT  (tov)  equations 
d  m/dr  =  4nr2p , 


■  >,  (P  +  P  )(m  +  4nrip) 

dp  dr  = - - - — 

r2(  1  —  2m/r) 


dv/dr  = 


2(m  -|-  47cr3p) 
r2(l  —2 m/r)  ’ 


exp  ( -  /) 


(12) 

(13a) 

(13b) 

(13c) 

(13d) 


To  obtain  a  stellar  model  these  equations  must  be  integrated  from  the  centre  r  =  0  with 

central  density  pc  to  the  surface  r  =  R  where  pressure  vanishes.  The  three  boundary 
conditions  (bc)  are 


p(r  =  0)  =  p(pc)  =  Pf, 

m(0)  =  0, 


exp[v(  R )]  =  1 


2  m(R) 
R 


(14a) 

(14b) 

(14c) 


where  «  and  M  are  the  total  radius  and  mass  of  the  object.  Assumptions  A 1  A3  and  the 
structure  equations  (13a)  and  (13b)  imply 


<U|  No  region  of  a  spherical  symmetric  star  can  be  inside  its  gravitational  radius 
2m(r) 


<  1 


(15) 
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(L2)  The  density  is  non-increasing  outwards 
(dp/dr)  ^  0. 

(L3)  The  average  density  is  also  non  increasing  outwards 
d 

—  (w/r3)  ^  0. 
dr 


(16) 


(17) 


Since  the  density  is  non-increasing  outwards  the  radius  at  which  the  density  assumes 
the  fiducial  value  p0,  divides  the  star  into  two  parts. 

(i)  An  envelope  r  ^  r0,  p  <  p0  where  the  eos  is  known 

(ii)  A  core  r  <  r0,  p  ^  p0  where  the  ns  matter  only  satisfies  the  general  requirements 
(A1-A4).  The  bc  required  to  integrate  (13a)  and  (13b)  are  now 

m(r0)  =  M0,  p{r0)  =  p(p0)  =  p0.  (18) 

The  total  mass  of  the  star  is 


M  —  M0  +  Me(r0,  M0),  (19) 

where  Me  is  a  computable  function  from  the  assumed  eos  for  p  <  p0. 

To  proceed  further  one  should  be  able  to  obtain  the  allowed  range  of  core  masses  and 
radii  i.e.  the  allowed  region  in  the  r0  —  M0  plane.  The  optimum  upper  bound  on  the 
total  mass  is  then  found  by  maximizing  (19)  over  the  minimal  allowed  range  of  variables 
r0  and  M0. 


3.  Core  limits 


(i)  The  non-increasing  density  implies  that  its  lowest  value  in  the  core  is  at  its 
boundary.  Thus 

dp/dr  ^  0  =>  M0  ^  jnrQp0.  (20) 

This  gives  the  lower  boundary — a  cubic  in  the  r0  -  M0  plane. 

(ii)  To  find  the  upper  boundary  of  the  allowed  region  we  extend  the  method 
developed  by  Buchdahl  (1959)  to  obtain  bounds  on  redshifts  of  stars:  Let 

a  =  exp  [v(r)/2)].  (21) 


Using  (13c)  we  obtain 


da/dr = 


m  -I-  47r/'3p 
r2  ( 1  —  2m/ r) 


a. 


Employing  the  structure  equation  to  eliminate  p,  (22)  yields 

,  ,  a  d  , 

d2a/dc2  =  -  —  (m/r3) 

r  dr 


(22) 


(23) 


where  d|/dr  =  (,  ^^TTT-  <24> 

From  (17)  the  right  side  is  non-positive,  equalling  zero  for  a  uniform  density  star.  Hence 

d2a/ds2  o.  (25) 
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For  such  a  convex  downward  curve  the  slope  at  any  point  is  always  less  than  that  of  the 
chord  joining  a({)  and  ot(0)  and  since  a(0)  »  0  it  follows  that 

1  da  1  (26) 

ad{  " 

The  right  side  is  maximum  for  a  uniform  density  star  and  using  (17)  after  some  algebra 


it  follows  that 

1 _ 2m/r3 _  (27) 

z  "  [1  -(1  -2m/r)1/2]' 

From  (26),  (27)  and  (13c)  it  follows  that 

M  ^  | r[l  -6nr2p+(\  +  6nr2p)1  /2].  (28) 

When  (28)  is  evaluated  for  a  ns  surface  where  p  =  0  it  gives 

2 M/R  ^  8/9,  (29) 

which  is  the  origin  of  the  surface  redshift  bound  of  Zs  ^  2. 

At  the  boundary  of  the  core  p  =  p0  and  (28)  yields 

M0  ^  |r0[l  -6nr20p0  +  (\  +  67rr£p0)1/2],  (30) 

where  the  equality  sign  holds  for  a  uniform  density  star  with  infinite  central  pressure. 
Hence  this  bound  cannot  be  improved  and  for  models  where  p0  <£  p0  it  becomes  linear 

M0^fr0.  (31) 


The  core  w  ith  the  largest  mass  is  constructed  from  matter  with  the  stiffest  equation  of 
state  incompressible  constant  density  matter.  There  is  a  limit  on  mass  that  can  be 
contained  within  r0  without  pressure  becoming  infinite  at  the  centre  and  destroying  the 
equilibrium.  This  is  the  physical  origin  of  the  upper  bound.  The  allowed  region  is 
shown  in  figure  1. 

In  the  Sabbadini-Hartle  model  matter  in  the  envelope  is  assumed  to  satisfy  the 
Baym-Bethe  Pethick-Sutherland  (bbps)  eos  which  is  the  most  accurate  at  present  for 
cold  neutron  matter  (Baym  et  al  1971,  1972).  Unlike  earlier  equations  it  takes  into 
account  consistently  the  contribution  of  lattice  energy  to  pressure  (not  very  significant) 
as  well  as  in  determining  the  equilibrium  nuclides  at  a  particular  density.  With  this 
Sabbadini  and  Hartle  obtained  a  limit  of  5Af,;.  As  mentioned  earlier  any  further 
assumption  on  the  matter  content  will  induce  a  more  stringent  limit.  Chitre  and  Hartle 
(1976)  put  in  the  additional  constraint  that 

(A5)  (dp/dp)1  /2  ^  1.  (32) 

Physically  (dp  dp)1  2  )  is  the  hydrodynamic  phase  velocity  of  sound  waves  in  ns 
matter.  In  the  absence  of  dispersion  and  absorption  this  would  be  the  velocity  of  signals 
in  t he  medium  and  ( 32 )  would  be  the  condition  that  signal  velocity  be  less  than  velocity 
of  light  i.e.,  matter  is  causal .  However  ns  matter  is  dispersive  and  from  general 
consideration  of  causality  there  seems  no  reason  to  require  (32).  Whether  it  is  true  in 
general  lor  matter  at  high  densities  remains  to  be  demonstrated  though  most 
calculations  on  eos  at  high  densities  satisfy  it. 

Buchdahls  method  cannot  be  extended  in  any  straightforward  way  to  take  care  of 
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Figure  1.  The  figure  shows  the  maximal  region  (drawn  with  broad  unbroken  line)  of 
permitted  cores  in  the  (r0,  M0)  plane.  The  inner  broad  unbroken  line  depicts  the  region 
occupied  by  causal  cores.  The  thin  unbroken  line  corresponds  to  r  =  3m  objects  and  divides  the 
cores  into  two  sections  corresponding  to  r  <  3 m  and  r  >  3m  objects,  the  region  above  the  line 
corresponding  to  r  <  3m  objects.  The  shaded  region  is  the  intersection  of  the  regions 
corresponding  to  causal  cores  and  to  r  <  3m  objects.  The  thin  dashed  curves  correspond  to 
constant  mass  objects  namely  1,1-5  and  2  solar  mass. 


this  constraint  and  it  is  found  that  treating  the  problem  as  a  variational  problem  with 
constraints  given  by  the  assumptions  A1-A5  and  the  structure  equations  (13a,  b)  the 
allowed  region  in  the  r0-M0  plane  can  be  obtained.  We  skip  the  detailed  derivation  but 
quote  the  final  result,  that  configurations  that  extremize  the  core  mass  at  a  given  radius 
are  those  for  which  density  is  piecewise  continuous  with  dp/dp  =  1  except  at  density 
discontinuities.  Numerical  computations  give  the  allowed  region  shown  in  figure  1  and 
coincides  with  a  minimal  region  where  p  =  p  —  p0  4-  p0  and  no  density  discontinuity  in 
the  core  or  at  the  boundary.  The  maximum  mass  can  be  obtained  and  it  turns  out  to  be 
3M, 

4.  Integration  of  equations  and  discussions 

Equations  (13)  were  integrated  by  a  4-point  Runga-Kutta  method  with  variable  step 
length  since  the  derivatives  of  the  functions  have  a  large  range  of  values.  The  allowed 
range  was  covered  by  a  grid  at  25  points,  each  grid  value  giving  one  set  of  b.c.,  equation 
(18).  The  fiducial  density  was  chosen  to  be 

p0  =  5  09  x  1014  g/cc.  (33a) 

and  the  corresponding  pressure  is 

p0  =  7-39  x  1033  dynes/cm2.  (33b) 

This  value  of  the  fiducial  density  is  chosen  since  it  represents  the  highest  value  to 
which  bbps  believe  their  nuclear  matter  calculation  to  be  applicable.  Equations  ( 1 3)  are 
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integrated  till  p  drops  to  0  and  this  yields  the  values  of  the  ns  radius  and  mass.  To  trace 
the  R  M  =  3  curve  the  following  observation  proves  useful.  For  a  fixed  core  radius  r0 
the  mass  increases  with  increasing  core  mass.  Hence  by  the  standard  root  finding 
methods  for  a  fixed  r0  one  moves  in  the  allowed  region  till  R/M  becomes  3.  This  curve  is 
shown  in  figure  1 .  It  starts  with  a  slope  1  /3  and  bends  back  to  cut  the  lower  boundary  at 
r0  =  1 44  km.  The  points  above  this  curve  correspond  to  r  <  3 Af  objects  and  they  make 
up  about  half  the  permitted  region.  Moreover  there  is  a  non  empty  intersection  with  the 
region  of  causal  cores. 

Finally  the  dashed  lines  almost  transverse  to  the  maximal  region  represent  stars  with 
constant  masses.  It  is  interesting  e.g.  that  for  1-5  Afe,  20%  are  ultracompact  and  even  if 
only  causal  cores  are  allowed  there  is  still  8%  of  such  objects.  It  should  be  mentioned 
that  these  curves  are  in  effect  curves  of  the  distribution  of  gr  effects  and  the  above 
numbers  could  be  interesting  in  problems  where  gr  energy  shifts  are  crucial. 

The  results  of  table  1  can  be  qualitatively  understood  as  follows.  For  the  bbps  eos 
p  <  p  everywhere.  Hence 

d  p/dr  =  -p/(r,m),  (34) 


i  able  1.  Values  of  total  radius  R ,  total  mass  M  and  their  ratio  R:M  for  different  values  of 
core  radius  r0  and  mass  M0. 


r0(km) 

w0<km) 

R(  km) 

Mtkm) 

R.M 

0-237 

4-386 

0-261 

16-799 

0-439 

3-389 

0-448 

7-564 

2  809 

0-642 

3098 

0-646 

4-797 

0-884 

2-965 

0-846 

3-504 

1  046 

2-887 

1  047 

2-757 

0-647 

7-283 

0-752 

9-681 

1-017 

6469 

1-070 

6-049 

5-618 

1  387 

6-099 

1  416 

4306 

1-757 

5-892 

1-774 

3-322 

2-127 

5-763 

2  136 

2698 

1  404 

9  760 

1  594 

6  124 

1-873 

9  268 

1  990 

4-658 

8-427 

2  341 

8  964 

2-415 

3-712 

2809 

8  762 

2-855 

3-069 

3-277 

8-616 

3  303 

2608 

2-682 

12  162 

2-914 

4  174 

3-144 

1 1912 

3-311 

3-579 

1 1  236 

3606 

11-717 

3-725 

3-146 

4  069 

11  565 

4  150 

2-787 

4  531 

1 1  443 

4582 

2-497 

4  653 

14-574 

4  857 

3  000 

4970 

14475 

5-137 

2-818 

14044 

5  288 

14  388 

5-421 

2-654 

5  606 

14  311 

5  708 

2-507 

— 

5924 

14  240 

5  999 

2  374 
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where 


fir*  tn)  =  m/r(r  -  2m).  (35) 

The  following  features  follow 

(i)  j  is  an  increasing  functon  of  m  but  a  decreasing  function  of  r.  For  a  star  with  a 
large  value  of  core  mass  the  pressure  gradient  is  large  and  the  envelope  is  thinner  and 
conversely.  Similarly  for  a  small  value  of  core  radius  the  gradient  being  larger  the 
envelope  is  thin. 

(ii)  On  the  upper  boundary  m  ~  |r0; /~  4/r0.  As  ro->0/is  infinitely  large  and 
the  envelope  is  a  thin  shell.  On  the  lower  boundary  M0  =  \nrlp0\f  ~  | nr0p0  so  that  as 
r0  ->  0,  f -*  0.  Hence  the  star  radius  is  large.  It  can  be  shown  that  in  the  limit  the 
envelope  becomes  the  entire  star  it  has  the  same  structure  as  a  non-rotating  star  with 
central  pressure  determined  by  the  slope  of  the  line  in  the  r0-M0  plane. 

(iii)  The  upper  bound  on  the  mass  occurs  at  the  maximum  value  of  the  core  mass  in 
the  allowed  region  with  the  contribution  of  the  envelope  smaller  than  1  %.  Around  our 
chosen  p0  the  envelope  gives  an  unimportant  contribution  to  the  bound  so  that  it  does 
not  matter  which  of  the  several  not  too  different  eos  are  used.  This  does  not  apply  to 
higher  value  of  p0  in  general.  The  outermost  crust  contributes  negligibly  to  total  mass 
since  the  density  here  is  very  low. 

(iv)  There  are  indications  that  the  radius  of  the  ns  is  sensitive  to  the  eos. 
Consequently  with  a  different  eos,  the  R  =  3 M  curve  will  be  shifted  and  hence  the 
percentage  of  objects  with  causal  cores  could  crucially  depend  on  the  eos. 

We  thus  see  that  within  the  core  envelope  models  ultracompact  objects  do  exist. 
However,  we  feel  that  the  existence  of  such  objects  is  of  no  real  consequence  unless  one 
can  say  something  about  the  stability  of  these  configurations.  Unless  proved  otherwise 
the  question  of  whether  the  additional  requirement  of  stability  will  lower  the  maximum 
mass  limit  is  a  fascinating  question.  Note  that  there  is  a  slight  difference  in  that  this  is  not 
a  general  requirement  on  the  eos  but  on  the  configuration.  Is  it  only  a  coincidence  that 
the  masses  of  the  ns  established  through  studies  of  binary  x-ray  and  radio  pulsars  are 
constrained  to  the  range  1-2-1 -6  Af5  (Kelley  and  Rappaport  1980). 


5.  Stability 

To  investigate  this  question  one  initially  addresses  oneself  to  the  question  whether  such 
objects  are  stable  under  radial  perturbations.  The  detailed  equations  have  been  set  up  by 
Chandrasekhar  (1964)  and  we  quote  them. 

Let  the  adiabatic  motion  of  the  star  in  its  nth  normal  mode  be  given  by  an  amplitude. 

pv 

S(r,t)  =  —y-  un(r)exp(ia)nt).  (36) 

r 

The  eigenequation  for  un  has  the  Sturm  Liouville  form 

2-(p^A  +  (Q  +  <o2niy)K  =  0,  (37) 

where  P,  Q ,  W  are  known  functions  of  y,  v,  2,  p,  p. 

P  =  ypr~2  exp  (X  +  3v)/2, 


(38a) 
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Q=  -  4— r~3  exp  (A  +  3v)/2  -  8np(p  +  p)r  2exp3(,l  +  v)/2 


dr 


(38b) 


+  (d p/dr)2  (p  +  p)~ 1  ''"2  exp  (A  -I-  3v)/2, 

W  =  {p  +  p)r~2  exp  (32  -f  v)/2,  *38c) 

y  =  (p  +  p)/p  (dp/dp) eos-  *38d^ 

Acceptable  solutions  to  (37)  must  satisfy  boundary  conditions  at  the  centre  and 
the  stellar  surface.  Since  the  origin  is  a  regular  singular  point  the  hniteness  of  Sr  and 
d/d r  (fir)  at  the  origin  imply  un  ~  r3  there.  Physically  it  means  that  the  fluid  at  the  centre 
is  not  set  into  radial  oscillation.  At  the  surface  (which  is  pulsating)  the  physical  condition 
is  that  the  Lagrangian  change  in  pressure  vanish. 


(39) 


For  models  of  our  type  since  the  other  variables  are  finite  this  is  equivalent  to 


(40) 


dun/dr  =  0  at  r  =  R. 


Instability  against  radial  perturbations  manifest  as  complex  eigenfrequencies 
i.e.  negative  tof  Tests  of  stability  are  essentially  methods  of  determining  existence  of 
modes  with  negative  coj  and  these  methods  are  catalogued  by  Bardeen  et  al  (1966).  We 
follow'  the  method  originally  developed  by  Bardeen  ( 1 965)  which  depends  essentially  on 
some  general  properties  of  the  Sturm  Liouville  problem.  These  are 

(a)  There  exist  a  discrete  spectrum  of  eigen  frequencies. 

(b)  The  nth  normal  mode  has  n  nodes  between  the  two  boundary  points. 

The  method  consists  of  the  following.  Set  wl  =  0  and  integrate  from  the  surface 
where  unf  0  u'n  =  0  inwards  upto  the  centre.  If  by  this  point  the  function  has  gone 
through  N  nodes  then  the  modes  n  =  0,  1,  N  —  1  are  unstable  while  those  above  are 
stable.  It  should  be  noted  that  even  if  there  are  many  unstable  modes  the  lowest  one  will 
still  dominate.  The  configuration  will  be  stable  only  if  none  of  the  normal  modes  has 
negative  w in  other  words,  the  fundamental  mode  itself  is  stable.  Thus  integrating 
inwards  with  ofn  =  0  if  the  function  does  not  cut  the  u  =  0  axis  the  configuration  is 
stable. 

6.  Results 

The  method  outlined  above  was  first  applied  to  the  core  envelope  models  constructed 
with  the  bbps  eos  in  the  envelope.  This  was  done  primarily  to  investigate  whether  the 
ultracompact  objects  found  in  the  previous  sections  within  these  models  remain  or 
whether  they  are  all  unstable.  Later  the  complete  grid  of  25  points  in  the  allowed  region 
was  scanned.  Since  one  needs  the  eos  to  check  the  stability,  within  the  core  envelope 
models  the  stability  can  be  checked  only  for  the  envelope  and  this  was  done  at  first.  The 
result  was  the  following:  When  only  the  envelope  is  considered  no  object  shows  an 
instability  i.e.,  all  are  stable  under  radial  perturbations. 

To  proceed  further  one  should  be  able  to  say  something  about  the  eos  in  the  core.  As 
mentioned  earlier  though  in  the  general  case  no  eos  is  put  in  the  core  when  the 
assumption  of  causal*  cores  is  invoked  one  is  automatically  led  to  the  fact  that 
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Table  2.  Mass  and  radius  of  a  neutron  star  with  a  limiting  causal  core  and  a  bbps 
envelope.  All  configurations  below  pc  -  1  13E  -3  are  stable. 


Pc(km)  2 

M(M0) 

R(  km) 

R:M 

4  0  E-4 

0-636 

10-73 

11-440 

4-5  E-4 

1  556 

12-21 

5-317 

5  0  E-4 

2-080 

12-86 

4-191 

6  0  E-4 

2-588 

13-26 

3-472 

7  0  E-4 

2-806 

13-28 

3-208 

8  0  E-4 

2-911 

13  20 

3-074 

9  0  E-4 

2  961 

13-08 

2-995 

10  E-3 

2-984 

12-96 

2-943 

1-13E-3 

2-992 

12-80 

2900 

2  0  E-3 

2-889 

12-01 

2*819 

4  0  E-3 

2-669 

11-19 

2-843 

6  0  E-3 

2-545 

10-83 

2-885 

8  0  E-3 

2466 

10-63 

2-922 

10  E-2 

2-413 

10-51 

2-953 

stationary  configurations  in  the  limit  satisfy  the  eos 

P-Po  =  P~Po-  (41) 

The  stability  of  configurations  with  the  above  eos  in  the  core  and  the  bbps  eos  in  the 
envelope  was  then  tested  for  by  the  method  described  in  the  previous  section.  This  was 
done  because  as  is  well  known  if  M  is  the  total  mass  and  pc  the  central  density,  then 
dM/dpc  >  0  is  only  a  necessary  but  not  sufficient  condition  for  stability.  There  is  a 
possibility  that  at  the  maximum  the  configuration  changes  not  from  stability  to 
instability  but  from  one  mode  instability  to  two-mode  instability  as  in  the  Misner 
Zapolsky  (1964)  case.  The  results  of  the  numerical  computation  are  given  in  table  2  and 
it  turns  out  that  taking  into  account  the  jump  in  u'n  at  the  discontinuity  in  y,  the  situation 
is  indeed  that  at  the  extrema  stability  changes  to  instability  or  in  other  words  masses 
upto  3  M0  are  indeed  stable.  Consequently  stability  requirements  do  not  bring  down  the 
ns  mass  limits.  A  systematic  study  of  ultracompact  objects  is  under  progress. 


Note  added  in  proof: 

For  further  details  see  ‘Ultracompact  objects  (r  <  3Af )  in  General  relativity \  B  R  Iyer, 
C  V  Vishveshwara  and  S  V  Dhurandhar  1983  (submitted  for  publication). 
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Discussion 

J.  V.  Narlikar:  I  don't  see  any  justification  for  using  the  formula  L  =  AnR2oT 4  for 
Black  holes.  It  will  be  true  for  a  flat  space.  But  how'  can  it  be  true  for  a  highly  curved 

space? 

B  R.  Iyer.  I  agree  that  there  is  no  rigorous  justification  for  using  the  above  formula  in 
the  black  hole  context  e.y.  in  deducing  the  time  scale  of  black  hole  evaporation. 
However,  for  the  van  Paradij’s  result  the  arguments  seem  reasonable  since  one  has 
taken  the  validity  of  the  law  in  a  local  frame  and  put  in  all  the  relevant  red  shifts  when 
referring  to  the  arbitrary  frame  of  the  observer. 

A.  K.  Raychaudhuri :  You  mention  the  condition  that  the  Lagrangian  change  of 
pressure  vanishes  and  explain  it  as  the  vanishing  of  p  for  a  particular  set  of  observers. 
But  pressure  is  a  scalar  and  if  p  vanishes,  it  should  vanish  for  all  observers.  Is  it  not  so? 

B  R.  Iyer:  Yes.  I  agree.  The  comoving  observers  were  only  a  convenient  set  of  observers. 
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1.  Introduction 


The  work  described  in  this  paper  has  been  done  by  Vishveshwara,  Iyer  and  the  present 
author  (Dhurandhar  and  Vishveshwara  1981,  1983;  Iyer  et  al  1983).  In  this  work  we 
concentrate  on  the  general  relativistic  effects  on  neutrinos  in  the  background  geometry 
relevant  to  spherical  gravitational  collapse. 

Recent  considerations  show  that  neutrinos  have  an  important  role  to  play  in 
astrophysics.  We  shall  be  concerned  here  with  the  neutrinos  emitted  during  a 
gravitational  collapse  of  a  star.  In  the  relevant  range  of  energies  the  geometric  optics 
approximation  is  valid  and  the  transport  problem  to  a  large  extent  can  be  investigated 
with  the  help  of  null  geodesics.  Since  null  geodesics  form  a  major  part  of  our 
considerations  our  analysis  applies  to  other  zero  rest  mass  particles  such  as  the  graviton 
and  the  photon.  In  the  low  opacity  limit  our  calculations  are  valid  for  the  neutrinos 
which  we  assume  are  emitted  from  the  interior  of  the  object.  Kembhavi  and 
Vishveshwara  ( 1980)  examined  the  behaviour  of  neutrinos  in  static  compact  objects  and 
showed  that  gravitational  trapping  of  neutrinos  occurs  for  an  object  whose  radius  is  less 
than  1-5  times  its  Schwarzschild  radius.  In  our  case,  we  expect  the  trapping  to  be 
enhanced  since  the  neutrinos  will  tend  to  be  dragged  inwards  by  the  collapse. 

1  he  scenario  is  the  following:  A  non-rotating  spherical  star  undergoes  collapse  and 
emits  zero  rest-mass  particles  from  its  interior.  We  assume  that  the  pressure  is  negligible 
as  compared  with  the  energy  density  so  that  the  collapse  is  essentially  geodetic.  The 
interior  metric  in  geometrised  units  (r  =  1,  G  =  1 )  is  described  by  the  Friedmann  dust 
line  element. 


dS2 


d/2  —  S2(7 ) 


d  R2 

1~*R2 


4-  R2  (d 02  -I-  sin2  0 d</>2) 


(1) 


where  (R.0,  </>)  are  the  comoving  coordinates  of  each  particle  of  the  star,  S( 7  )  the 
expansion  factor  which  satisfies  the  differential  equation. 


(dS  d7)2  =  ot(l  -S)/S  (2) 

where  y  —  2mR  h ,  Rb  is  the  R -coordinate  of  the  particle  on  the  boundary  and  m  the 
geometrised  mass  of  the  object.  By  Birkoff's  theorem  the  exterior  geometry  is 
Schwarzschild  and  is  given  by 


2m  \ 


2  m 


- 1 


dS  \  7 Jd,2_p-  r 


dr2  -  r 2  (d 02  +  sin2  G d </> 2 ). 


Since  our  geodesics  emanate  from  a  point  inside  the  Friedmann  geometry  and 


(3) 


emerge 
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into  the  Schwarzschild  domain,  our  discussion  may  be  broken  up  into  three  parts: 
(i)  Null  geodesics  in  the  Friedmann  geometry;  (ii)  the  matching  at  the  surface  R  =  Rh  of 
the  object,  and  (iii)  Null  geodesics  in  the  Schwarzschild  geometry. 


2.  Null  trajectories 


2.1  Null  geodesics  in  the  interior  geometry 

Since  spherical  symmetry  is  present  in  the  problem,  without  loss  of  generality,  we  may 
choose  the  0  =  n/2  plane  to  study  the  behaviour  of  the  geodesics.  The  first  integrals  can 
immediately  be  written  down. 


S 


6T 

d I 


d  </> 


RzSz~p~  =  h-,  ds  =  0. 

dA 


(4) 


The  constants  T  and  h  are  the  unsealed  measures  of  the  energy  and  angular  momentum 
respectively  of  the  particle  and  it  is  only  the  ratio  h/T  =  B  (impact  parameter)  which 
determines  completely  a  particular  null  geodesic.  From  (4)  the  radial  propagation  is 
given  by 

ri|dw2  =  '-F  ,5) 


The  effective  potential  1  /R1  is  repulsive  so  that  all  particles  are  forced  to  come  out  of  the 
object. 

It  is  convenient  to  treat  the  problem  using  the  quantities  x  and  ip  defined  as  follows 


S  =  cos2  0  ^  x  ^  n! 2  whence  T  = 


(X  +  sin*  cosx)- 


The  quantity  ip  is  the  angle  the  tangent  to  the  trajectory  makes  with  the  outward  radial 
direction  as  measured  by  the  comoving  observer  in  the  Friedmann  geometry.  From 
local  differential  geometry  we  have  the  relation,  B  =  R  sirup  which  is  the  same  as  the  flat 
spacetime  expression.  Indeed,  this  is  not  surprising  since  the  Friedmann  geometry  is 
conformal  to  the  flat  spacetime  geometry  and  null  geodesics  are  invariant  under  a 
conformal  change  in  the  metric.  We  now  integrate  (4)  and  (5).  If  the  initial  parameters 
are  /0,  i p0  and  R0  then  the  current  coordinates  are  given  by. 


X  = 


Xo  +  i(XiiRo)-Xi(R))  for  «Ao  <  rc/2 
X0  +  7r/4-i(x,(K0)  +  Xi(K))  for  ^  rc/2. 


(6) 


where. 


Xi(R)  =  sin  1 


/ 1  4-  aR o  sin2  ip0  —  2aR2  \ 
\  1  -  aRlsm2  ip  / 


and 


</>0-2(<MK)-</>i(Kq))  for  'J'o  <  n/2 
(f>o  +  n/2-F\{<f>l(R)  +  (l>1iRo))  for  <Ao  ^  n/2 


(7) 
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where. 


(p^R)  =  sin 


_  j  f  1  +  aR20  sin2  ip Q  -  2 Rq/R^  sin2  \j/0 
1  -  a/?o  sin2  ip0 


At  R  =  Rh  we  denote  the  values  of  y  and  </>  by  yb  and  <frb  respectively. 


2.2  Matching  conditions  at  the  boundary  R  =  Rh 

The  angular  coordinates  0  and  </>  may  be  shown  to  be  the  same  in  both  the  geometries. 
This  immediately  provides  us  the  relation, 

r=RS(T).  (8) 

Since  our  aim  is  to  continue  the  null  geodesic  into  the  Schwarzschild  domain  the  four 
partial  derivatives  cr/CR,cr/c 7,  dt/cR  and  dt/dT are  needed  to  convert  the  components 
of  the  tangent  vector  to  the  null  geodesic  in  the  Friedmann  geometry  to  the  ones  in  the 
Schwarzschild  geometry.  The  first  two  partial  derivatives  are  directly  obtained  from  (8) 
w  hile  the  other  two  obtained  by  equating  the  line  elements  in  the  neighbourhood  of  the 
boundary.  This  procedure  furnishes 


-  i 

(1  -ocR2)1/2 


ct 


cR 


R  =  Rh 


( 1  -  2 m/r)  RhS 
(1  -zRl)^ 


(dS/dT). 


(9) 


The  Schwarzschild  time  t  for  the  particle  on  the  boundary  can  be  given  unambiguously 
if  we  assume  that  the  collapse  begins  at  t  =  0,  that  is,  t  =  0  at  T  =  0,  then. 


t  = 


1  12 


iRh  +  4m)y  +  Rh 


1  12 


sin  y  cos  y 


2m  ,n/W*"-l)1<2  +  tanx\ 
(RJ2m  —  1 )’  2  —  tan  y  ) 


(10). 


2.3  A  ull  geodesics  in  the  Schwarzschild  region 

This  part  of  the  discussion  has  been  amply  dealt  with  in  the  literature  before  but  for  the 
sake  of  completeness  we  only  mention  the  results. 

The  Killing  symmetries  of  the  spacetime  provide  the  following  two  first  integrals. 


i 


1  - 


2m 

r 


(11) 


Since  the  geodesic  is  null  the  third  integral  is  d s 

by. 


—  0.  The  radial  equation  is  then  given 


2  m 
r 


(12) 
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where  b  =  h/Y  and 


V2 


1 


is  the  effective  potential.  The  effective  potential  possesses  a  maximum  of  height  1  /27m2 
at  r  =  3m  and  decays  as  r  -*  oo.  Therefore,  the  particles  having  b  >  3  yJ'Sm  are  confined 
to  the  side  ot  the  potential  barrier  in  which  they  are  initially  present.  However,  when 
b  <  3V  3 m  the  potential  does  not  present  any  barrier. 

Since  the  null  geodesics  are  dependent  solely  on  the  impact  parameters  b  and  B ,  it  is 
necessary  to  obtain  b  in  terms  of  the  initial  parameters  in  the  interior  geometry.  The 
relation  may  be  deduced  from  the  equation. 


k° 


dt 

dT 


k° 


f 


dt 

Jr 


(13) 


where J<a,  a  =  0,  1, 2,  3  is  the  tangent  vector  to  the  null  geodesic  in  the  interior  geometry 
while  ka,  a  =  0,  1, 2,  3  is  the  corresponding  tangent  vector  in  the  Schwarzschild  domain. 
Equation  (13)  immediately  furnishes  the  required  relation, 

,  R()  sin  ii/n  cos2  yh 

b  = - °_  Yo - ^ - .  (14) 

[(1  -ocR2)1  2  -  ya  tan/„(R2  -  R23  sin2  iA0)1/2] 


3.  Spectral  shift 


The  spectral  shift  plays  a  pivotal  role  in  the  energy  considerations  of  the  flux.  If  ve  is  the 
energy  of  the  emitted  particle  as  measured  by  a  comoving  observer  in  the  Friedmann 
geometry  and  vob  the  observed  energy  as  measured  by  the  static  observer  in  the 
Schwarzschild  geometry  then  the  spectral  shift  is  given  by  the  formula. 


1  +~  =  v«>/vob- 

In  terms  of  the  components  of  the  tangent  vectors  k*  and  P,  \e  =  k°  while 


(15) 


In  view  of  (13)  the  spectral  shift  is  given  by, 
1  +2  =  (1  4-  zc)  ( 1  +  Zj)  ( 1  4-  zs), 


(16) 


where 

1  +zc  =  (cos2/b/cos2x0), 

1  +zd  =  [d  -aR^)1/2-aI/2  tan/b  (R%- R%s\n2  \J/0)ll2Y\ 


It  is  seen  that  the  spectral  shift  1  4-  z  can  be  thought  to  be  made  up  ol  three  portions  1 
4-  zc,  1  4-  zd  and  1  4-  zs.  The  quantity  1  4  zc  may  be  referred  to  as  the  cosmological  blue 
shift.  It  is  known  that  in  an  expanding  universe  particles  lose  energy;  the  reverse  is  to  be 
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expected  in  the  collapsing  situation.  The  spectral  shift  1  +  z,  is  the  Doppler  shift  due  o 
the  relative  velocity  between  the  comoving  observer  in  the  Friedmann  geometry  on  the 
surface  of  the  star  and  the  static  observer  in  the  Schwarzschild  domain  instantaneous  y 
coinciding  with  him.  The  portion  1  +  zs  is  the  Schwarzschild  gravitational  red-shift 
which  is  due  to  the  particle  losing  its  energy  in  climbing  out  of  the  gravitational 


potential  well. 

4.  Backward  emission 

The  notion  of  backward  emission  is  not  new  in  the  collapsing  situation.  Jafife  ( 1 969)  had 
discussed  this  aspect  in  connection  with  the  optical  appearance  of  spherically  symmetric 
collapsing  star.  Let  us  consider  a  particle  to  be  emitted  from  the  surface  of  the  collapsing 
star.  The  concept  can  be  extended  in  an  obvious  way  to  an  interior  point  in  the  star. 
Consider  the  particle  to  be  emitted  with  yp0  =  0  (emitted  radially  outward).  This  particle 
will  have  dr/dA|toundary  >  0.  However,  the  particle  emitted  with  yp0  =  n/2,  emitted 
tangentially  to  the  surface  as  seen  by  the  comoving  observer  will  have 

dR/d/.\R  =  Rb  =  0. 

But  since  the  surface  is  collapsing  the  particle  possesses  a  negative  radial  component  of 
velocity  as  seen  by  the  static  observer  in  the  Schwarzschild  geometry  and  therefore 
dr/d/  Lundary  <  0.  Such  a  particle  having  dr/dx  | boundary  <  0  is  said  to  be  backward 
emitted.  Otherwise  the  particle  is  forward  emitted.  Since  dr/d/  is  a  continuous  function 
of  the  emission  angle  i//0,  there  is  a  value  of  i//0  =  yj/m  =  n/2  for  which  dr  dAl^^^y  =  0. 
For  i j/0  <  \pm  the  neutrinos  are  forward-emitted.  Now-  the  particle  with  yp0  =  n  is  also 
forward  emitted  (if  the  blackhole  has  not  been  formed)  and  hence  again  applying 
continuity  arguments  there  is  a  value  of  yj/0  =  yj/m  >  n/2  for  which  dr/d/|boundary  =  0. 
Recapitulating,  the  following  is  the  situation.  For  yj/m  <  ij/0  <  particles  are 

backward  emitted  while  for  0  <  i//0  <  ypm  and  i j/m  <  yp0  <  n  the  particles  are  emitted  in 
the  forward  direction.  In  the  three  dimensional  picture  i j/m  and  yj/m  are  the  half  angles  of 
the  cones  which  demarcate  the  directions  of  forward  emission  from  those  of  backward 
emission. 

The  arguments  given  above  can  be  extended  to  the  interior  easily  but  care  must  be 
taken  to  check  whether  backward  emission  occurs  at  all.  For  a  point  on  the  surface 
backward  emission  must  occur  and  hence  by  continuity,  backward  emission  must  occur 
for  points  near  the  surface.  However,  if  emission  occurs  from  the  centre  the  particles  in 
all  directions  travel  radially  and  hence  are  all  forward  emitted.  Therefore  there  is  a  value 
of  the  radius  R  =  R,  such  that  for  R0  <  R,  there  is  only  forward  emission.  This 
behaviour  can  be  conveniently  studied  with  the  help  of  the  function  F  of  the  initial 
parameters 


(17) 


f  >  0  implies  that  the  particle  is  forward  emitted  while  F  <  0  signifies  backward 
emission.  7  he  function  is  nothing  but  the dr/d/ Iboundary  multiplied  by  a  positive  factor  to 
remove  square  roots.  We  have  the  following  properties  of  F, 

(i>  yj/ o  -  0  or  n  we  have  F  >  0  if  rh  >  2m  Radially  directed  neutrinos  are  forward- 
emitted. 
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(ii)  For  Rq  =  0,  F  is  a  positive.  All  neutrinos  emitted  from  the  centre  of  the  star  are 
forward-emitted. 

(iii)  For  R  =  Rh ,  t//0  =  7t/2  we  have  F  <  6  which  means  that  a  particle  emitted 
tangentially  to  the  surface  is  backward  emitted. 


5.  The  escape  and  confinement  of  the  zero  mass  particles  from  infinity. 

If  the  particle  at  some  time  (however  large)  can  be  detected  at  a  point  whose  r-coordinate  is 
arbitrarily  large,  then  such  a  particle  is  said  to  have  escaped  to  infinity;  otherwise  we  say 
that  it  is  confined.  In  the  confined  state  the  particle  may  remain  bound  in  the  vicinity  of 
the  object  or  fall  into  the  blackhole.  The  confinement  or  the  escape  of  the  particle  is 
governed  by  three  functions,  namely,  rb  =  Rb  cos2  yb ,  F  and  b  all  of  which  are  functions 
of  the  three  initial  parameters  y0,  R0  and  i J/0.  The  truth  table  describes  the  confinement 
process  in  a  lucid  way.  The  confinement  or  the  escape  of  the  particle  is  determined  from 
the  truth  and  falsity  of  the  following  three  statements  (A)  rb  <  3m;  ( B )  F  <  0; 

(C)  b  <  3  v/3m. 

Let  D  be  the  condition  that  the  neutrino  is  confined  from  infinity.  The  symbol  1 
denotes  the  truth  of  the  statement  and  0  the  falsity  in  table  1.  There  are  eight 
possibilities  and  as  can  be  seen  from  the  table  the  particle  is  confined  in  four  possible 
ways.  If  one  actually  assigns  these  values  to  the  conditions  A ,  B,  C  and  D,  then  D  can  be 
written  as  an  arithmetic  expression  in  A,  B  and  C. 

D  =  A{\  -C)+  BC.  U8) 

For  example  the  fourth  possibility  A  =  1  and  B  =  C  =  0  means  that  rb  <  3m,  F  >  Oand 
b  >  3^3  m.  In  this  case  the  particle  is  forward-emitted,  hits  the  effective  potential 
barrier  from  the  ‘inside’  and  falls  back  into  the  eventually  formed  blackhole. 

The  conditions  A,  B  and  C  divide  the  (R0,  y0 ,  i j/0)  space  into  regions  in  which  D  is 
either  true  or  false.  Clearly  R0 ,  y0  and  ij/0  determine  a  unique  null  geodesic.  But  a  point 
Bj,  yx  and  if/ ]  lying  on  the  null  geodesic  can  equally  well  be  used  to  describe  the  same 
null  geodesic.  The  null  geodesics  therefore  furnish  an  equivalence  relation  on  the  space 
of  initial  parameters.  In  particular  we  may  choose  the  initial  parameters  when  the  null 


Table  1.  Truth  table  for  neutrino  confinement 


rb  <  3  m 

F  <  0 

b  <  3v'  3t?i 

Confinement 

(A) 

(B) 

(C) 

(D) 

1 

1 

1 

1 

1 

1 

0 

1 

1 

0 

1 

0 

1 

0 

0 

1 

0 

1 

1 

1 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 
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geodesic  reaches  the  boundary  R  =  Rb  and  then  relate  the  results  to  an  interior  point 

R0  —  Rb‘ 

5.1  The  surface  case  R0  =  Rb 

Since  the  functions  rb,  F  and  b  determine  the  confinement  ot  the  particles  it  seems 
necessary  to  adopt  a  scheme  which  displays  these  functions  simultaneously  and  then 
study  their  relative  behaviour.  We  have  already  fixed  R0  =  Rb<  now  we  fix  yb  for  the  time 
being  so  that  the  only  variable  is  ip0.  W  note  that  rb  is  a  monotonic  function  of  i//0  and 
hence  b  may  be  treated  as  a  function  of  rb.  The  function  b (rb)  defines  a  curve  in  the  (rb,  b) 
plane  henceforth  referred  to  as  the  h-curve.  The  condition  F  =  0  determines  an 
equation  in  rb  which  may  be  solved.  The  F  =  0  condition  can  be  displayed  by  vertical 
lines  which  demarcate  the  forward  emitted  (F  >  0)  particles  from  the  backward  emitted 
(F  <  0)  ones.  We  now'  possess  all  the  machinery  to  describe  the  confinement  process  at 
various  stages  of  the  collapse,  as  the  collapse  progresses.  During  the  early  stages  there  is 
no  confinement  since  b  ~  rb  and  rb  >  3 m.  For  confinement  to  occur  it  is  necessary  that  rb 
be  less  than  3 m.  With  this  information  one  can  obtain  a  rough  upper  bound  on  the 
radius  of  the  object  when  the  particle  was  emitted  for  confinement  to  occur.  The  upper 
bound  is  simply  obtained  by  setting  Rb  cos2  yb  =  3m,  ij/0  =  n  and  then  solving  for  y0. 
The  upper  bound  turns  out  to  be  about  9-9  m  for  RJm  >  1 .  For  a  value  of  y0  little  greater 
than  that  corresponding  to  the  upper  bound,  the  h-curve  enters  the  rb  <  3m  region  but 

the  curve  still  remains  below  the  b  =  3  line.  Since  F  is  positive  there  is  no 
confinement.  Confinement  occurs  if  the  epoch  is  advanced  a  little  more  that  b  becomes 

greater  than  3N/3mand  the  b- curve  intersects  the  b  =  3  v  3m  line  at  two  points.  Within 
these  two  values  of  rb,  there  is  an  interval  on  the  r  ,,-axis  which  corresponds  to  an  interval 
on  the  ip0  axis  for  which  the  particles  are  confined.  In  the  three-dimensional  picture  the 
confinement  process  starts  with  the  confinement  occurring  between  two  cones.  For 
more  advanced  epochs  the  interval  of  confinement  grows  larger  in  both  directions  along 
the  i//0-axis  with  several  of  the  confinement  conditions  coming  into  play.  The  cores 
encompass  a  larger  range  of  directions  with  the  outer  cone  opening  out  and  the  inner 
cone  closing  in.  W  hen  the  h-curve  touches  the  rb  =  2m  line  the  inner  cone  degenerates 
into  a  line  ip0  =  n  and  only  a  single  cone  remains.  Till  this  instant  we  call  the 
confinement  as  the  double  cone  confinement.  After  this  epoch  further  advancement 
makes  the  cone  of  directions  grow  larger  until  total  confinement  in  all  directions  occurs 
when  the  size  of  the  object  reaches  2m. 

The  entire  process  of  confinement  as  a  function  of  the  epoch  of  emission  can  be 

shown  in  the  (i/>,  y)  plane  as  is  done  in  figure  1 .  A  neutrino  emitted  with  the  parameters 

Ro  -  Rb  X  =  Xo  and  =  «A0  will  not  escape  to  infinity  if  the  point  lies  in  the  region 

ab<ne  the  undotted  curve  S.  The  presence  of  the  minimum  to  the  curve  implies  the 

existence  of  double  cone  confinement.  This  may  be  seen  as  follows:  Any  given  epoch  y 

/o  represents  a  horizontal  line  in  the  {\p.  y)  plane.  Confinement  in  some  directions  will 

occur  at  this  epoch  only  if  the  line  y  =  y0  crosses  the  curve  S  In  the  early  stages  of  the 

collapse  this  line  is  below  the  curve  S.  As  the  collapse  progresses  this  line  moves  upward 

until  it  touches  the  curve  S  at  its  minimum  and  the  confinement  process  begins  A  little 

later  the  line  intersects  the  curve  5  at  two  points  tfr,  and  *2.  In  the  directions  <  d, 

^2  (double  cone)  the  neutrinos  are  confined  from  infinity.  At  a  still  later  stage  the  line 

intersects  the  curve  S  at  only  one  point  and  only  a  single  cone  of  confinement  directions 
exists. 
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Figure  1 .  The  confinement  process  is  depicted  for  a  wide  range  of  the  initial  parameters  ( R0 , 
\p0,  Xo)  ar,d  Rb  =  100  m.  The  unbroken  curve  S  corresponds  to  the  confinement  process  of 
neutrinos  emitted  from  the  surface  R0  =  Rh.  For  the  choice  of  the  parameters  x0,  'Po  and  Ro 
=  Rh  the  neutrino  is  confined  if  the  point  (t^0,  Xo )  lies  above  the  curve  S.  The  dashed  curves 
describe  the  confinement  process  for  the  interior  points  R0  <  Rh.  The  curves  are  drawn  for  the 
fixed  value  of  Xo  =  81-87°  obtained  from  the  equation  Rb  cos2  Xo  =  2m. 


5.2  The  general  case  of  R0  <  Rh 

To  examine  the  confinement  of  the  particles  emitted  from  an  interior  point  it  is  only 
necessary  to  relate  the  initial  parameters  in  the  interior  to  those  on  the  boundary.  Two 
choices  exist  in  this  situation  since  the  null  geodesic  cuts  the  boundary  at  two  points,  the 
past  and  the  future.  If  yR  and  i pR  are  the  values  of  y  and  ip  respectively,  where  the  null 
geodesic  cuts  the  boundary  in  the  past  then  the  particle  is  confined  if/^and  lie  in  the 
region  above  the  undotted  curve  S.  The  parameters  yR  and  i J/Ro  are  related  to  the  actual 
parameters  by  the  relations. 


For  i p0  ^  n/2, 

XRo  =  Xo  ~  n/4  +  ilydRo) ~  Xi(Rh)l 
For  i p0  ^  7r/2, 

x.r0  =  Xo-Hxi(Ro)-XiiRb)l 

where 


and 


yx(R)  =  sin  1 


/  1  +  gcRq  sin2 1 p0  —  2ocR:\ 
V  \-<xR;sin2ip0  )' 


\ K0  =  sin 


with  ipR)  ^  n/2. 


(19) 
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For  a  fixed  value  of  R0  and  /0  the  equations  give  a  parametric  representation  of  a 
curve.  The  dotted  curves  in  figure  1  are  drawn  for  various  values  of  R0  with  Xo  chosen 
arbitrarily  (Rb  cos2  Xo  =  2m )■  The  exact  value  of  *o  is  not  very  important  to  discuss  the 
confinement  process  because  Xo  is  merely  an  additive  constant  in  (19).  Any  change  in  Xo 
merely  displaces  the  dotted  curve  in  the  vertical  direction. 

The  curves  are  convex  and  hence  the  confinement  process  for  an  interior  point  also 
begins  with  a  double  cone  which  gives  way  to  a  single  cone  at  a  later  stage.  For  a  fixed 
value  of  Xo  and  for  various  values  of  R0  the  curves  are  nested  with  the  inner  curves 
corresponding  to  smaller  values  of  R0.  This  shows  that  a  confinement  process  begins 
later  and  total  confinement  occurs  earlier  for  a  point  lying  more  to  its  interior. 

This  terminates  the  discussion  of  the  null  trajectories. 


6.  Energy  flux  profiles  observed  at  infinity 

We  apply  the  earlier  considerations  to  compute  the  energy  flux  as  received  by  an 
observer  sufficiently  removed  from  the  collapsing  star.  We  make  the  following 
assumptions  about  the  emission  of  the  particles,  (i)  Emission  of  the  particles  takes 
place  in  a  ‘flash'  and  uniformly  over  a  spherical  shell,  (ii)  Each  source  on  the  shell  emits 
isotropically  as  seen  by  the  comoving  observer  in  the  Friedmann  geometry. 

In  general  the  arrival  time  t  is  a  function  of  the  three  initial  parameters  but  our 
assumptions  imply  that  R0  and  /o  are  fixed  so  that  t  becomes  a  function  of  \p0  only.  The 
flux  profile  then  depends  crucially  on  the  function  f(t/T  The  flux  profile  I (t)  can  be 
obtained  by  geometric  considerations.  Figure  2a  shows  the  trajectories  in  the  (r,  </>) 
plane  with  emission  taking  place  on  the  shell  R0  =  Rh.  If  R0  <  Rh  the  geometry  will  be 
somewhat  more  complicated  but  the  derivation  will  essentially  remain  unaffected. 
Consider  a  small  elementary  area  AB  of  height  S(f)  at  the  observer's  position  r0  and 
consider  all  the  particles  passing  through  AB  between  the  time  instants  t  and  t  -I-  Ar.  The 
null  geodesics  w  hich  reach  A  at  t  and  B  at  t  A-  At  mark  off  a  ring  A  B  on  the  shell  w  hose 


B 

A 


V  iRure  2(a).  Null  geodesics  emanating  from  the  points  A'  and  B  lying  on  the  shell  R  =  Rh 
and  which  reach  A  and  B  at  times  f  and  t  +  Af  respectively  AB  is  the  elemental  area  at  r  =  r0  at 
the  point  of  observation.  C  is  a  typical  source  which  contributes  to  the  flux  at  AB  between  the 
times  t  and  r  +  A t  The  angles  A</>  and  H  subtended  by  the  arc  A  B  at  0  and  have  been 
exaggerated  for  the  sake  of  clarity  in  the  diagram 
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width  is  A(f>.  C  is  a  typical  point  on  the  ring  which  contributes  to  the  flux.  Then  by 
working  out  the  geometry  the  flux  /  (t)  can  be  written  as, 


I(t)At  oc 


2n  sin  ip  Sip 


2k  sin  (p  S(p 
Taking  limits  as  both  At  and 


2n  sin  (p  A (p 
1-1 -  z 

Sep  tend  to  zero  we  get 


I(t)  = 


sin  ip 

(1  +  z)dt/dip  ' 


(20) 


(21) 


where  we  have  assumed  the  proportionality  constant  to  be  unity.  The  above  formula 
w  as  obtained  on  the  basis  of  t  being  a  monotonic  function  of  ip.  But  this  is  not  in  general 
the  case  especially  for  advanced  epochs  and  the  formula  then  needs  to  be  modified. 
Fortunately,  the  modification  is  simple,  since  one  value  of  t  corresponds  to  at  most  two 
values  ot  ip.  In  this  case  the  total  flux  is  just  the  sum  of  the  fluxes  corresponding  to  i p  j 
and  i p2. 


I(t)  = 


sin  ip 


(1  +  z)\dt/dip\ 


T 


sin  ip 


(1  +  z)\dt/dip 


•A  =  i Pi 


(22) 


There  are  essentially  four  types  of  behaviour  of  the  flux  profile  I(t)  depending  on  the 
epoch  at  which  the  emission  occurs. 


6.1  The  early  stage 


The  early  stage  can  be  defined  by  the  condition  that 


d2r 

dip2 


<0 


[p  =  n 


and  holds  for  early  epochs.  Figure  2b  shows  both  the  functions  t(ip)  and  I(t)  which  are 
monotonically  increasing  functions  of  their  respective  arguments.  In  this  case  there  is 
no  confinement  or  any  delay  in  the  arrival  time  due  to  the  particles  circling  around  the 
collapsing  object.  The  gravitational  effects  are  minimal  in  this  case.  There  are  no  bursts 
or  decays  in  the  flux  profile. 


6.2  The  hurst 

For  more  advanced  epochs  d2t/dip2\^  =  changes  sign  and  becomes  positive.  A  typical 
curve  t(ip)  is  shown  in  figure  2(c).  The  function  t(ip)  attains  a  maximum  at  t  =  tm  and 
remains  finite  for  the  entire  range  of  ip.  The  flux  profile  possesses  two  distinctive 
features,  (i)  A  burst  which  occurs  at  the  end  of  the  flux  profile,  (ii)  A  discontinuous 
increase  in  the  flux  at  t  =  tn  where  tn  is  the  arrival  time  of  the  particle  emitted  with 
ip  =  n. 

The  reason  for  the  burst  is  that  dt/dip  vanishes  at  the  maximum  of  the  curve  at  t 
=  t{ip).  It  may  be  remarked  that  the  burst  is  the  reflection  of  the  fact  that  we  have 
chosen  the  emission  to  occur  in  a  flash.  The  discontinuity  in  the  flux  function  occurs  due 
to  the  following  reason:  For  t  <  tn  the  particles  arriving  at  r0  are  emitted  from  a  single 
ring  on  the  shell.  However,  when  t  >  tn  there  are  two  values  of  ip  which  correspond  to 
the  same  value  of  t  and  hence  two  corresponding  values  of  <p.  This  means  that  there  are 


Neutrinos  in  gravitational  collapse 


69 


Figure  2(b).  The  undashed  curve  /  ( t )  is  depicted  for  the  early  stages  of  the  collapse.  The  flux 
intensity  is  seen  to  be  a  monotonic  function  of  the  arrival  time  f.  The  dashed  curve  shows  the 
i jf-t  correlation. 


Figure  2(c).  Dashed  curve  f(^)  develops  a  maximum  but  remains  finite  The  undashed  curve 
/(M  has  a  discontinuity  and  terminates  in  a  burst 
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two  rings  on  the  shell  which  contribute  to  the  total  flux.  The  sudden  contribution  of  flux 
of  the  second  ring  at  t  =  tn  causes  the  discontinuity. 

6.3  The  double  cone 

Let  '/dc  (the  subscript  for  double  cone)  be  the  epoch  at  which  the  confinement  process 
begins.  We  recall  that  the  confinement  process  begins  with  the  confinement  directions 
being  enclosed  between  two  cones.  Lt  ysc  (the  subscript  for  single  cone)  be  the  epoch 
when  the  inner  cone  degenerates  into  the  line  ip  =  n.  In  this  case  we  consider  the  flux 
profiles  for  y  satisfying  ydc  <  y  <  ysc.  The  curves  t(ip)  and  I(t)  are  depicted  in  figure  2(d). 
We  observe  that  the  function  t(\p)  has  two  asymptotes  at  ip  =  ip^andip  =  \p2,  which  are 
the  half  angles  of  the  two  cones.  The  time  of  arrival  tends  to  infinity  as  i p  approaches 
either  i px  and  ip2,  due  to  the  particles  circling  around  the  object  at  r  =  3m. 

One  observes  that  the  burst  is  absent.  However,  as  the  particles  emitted  with  \p  =  n 
still  reach  the  observer,  the  discontinuity  is  present  but  is  delayed  since  tn  is  an 
increasing  function  of  the  epoch.  In  fact  as  y  approaches  ^Sf,  tn  tends  to  infinity  and  the 
discontinuity  is  delayed  without  limit. 

It  may  be  remarked  that  this  phase  of  collapse  remains  for  a  very  small  fraction  of 
time  taken  for  the  entire  collapse.  For  Rh  ~  100  m,  ysc  —  ydc  ~  0  01  radians. 

6.4  The  single  cone 

The  case  deals  with  the  epoch  y  >  ysc  when  only  a  single  cone  exists  and  involves  the  last 
stages  of  the  collapse.  The  arrival  time  t  is  a  monotonic  increasing  function  of  i p  and 
tends  to  infinity  as  i p  approaches  ip  x .  For  \p  >  ip  the  particles  are  swallowed  up  by  the 
incipient  black  hole.  Figure  2(e)  shows  the  function  t(ip)  together  with  flux  profile  /(f). 
Initially  the  flux  increases  in  value  until  it  reaches  a  maximum  and  then  gradually 


Figure  2(d).  The  dashed  curve  f(i//)  tends  to  infinity  as  i p  approaches  the  critical  values  i A, 
and  i p2.  The  undashed  curve  I(t)  possesses  a  maximum  and  a  discontinuity.  The  flux  strength 
decays  as  f  tends  to  infinity. 
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Figure  2(e).  The  dashed  curve  t  (i f/)  tends  to  infinity  as  if/  approaches  the  critical  value  i p  j .  The 
flux  intensity  develops  a  maximum  and  then  decays  for  large  times  t. 


decays  for  large  values  of  t.  Both  the  features  of  discontinuity  and  the  burst  are  absent  in 
this  case. 


7.  The  Dirac  formalism 


Till  now  the  treatment  has  been  classical  in  that  the  calculations  involved  the  null 
geodesics.  The  problem  can  be  treated  at  a  little  deeper  level  considering  zero  mass 
perturbations  on  the  background  geometry.  We  restrict  ourselves  to  the  neutrino  case 
and  set  up  the  necessary  Dirac  formalism  for  the  massless  particle.  Our  program  will  be 
lo  first  v\  rite  the  Dirac  equation  in  both  the  interior  and  the  exterior  geometry  and  then 
obtain  solutions.  Finally  the  solutions  will  be  matched  at  the  boundary  R  =  Rh  so  that  a 
complete  solution  is  obtained  in  the  entire  spacetime. 

The  Dirac  equation  in  curved  spacetime  may  be  written  as 


yflv>  =  0 

tthere  y  are  the  flat  spacetime  4x4  Dirac  matrices  satisfying 
y  V  4-  ybya  =  2ga\ 

*lah  ^ing  the  flat  spacetime  metric  tensor  and. 


(23) 

(24) 


where  e*  are  the  chosen  tetrad  fields  satisfying  the  conditions 
n  ek-  9  • 

The  r„  are  the  spinor  affine  connections  and  can  be  given  by  an  explicit  formula. 


(27) 
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The  spin  of  the  neutrino  is  polarised  antiparallel  to  its  momentum  and  the  neutrino 
satisfies  an  additional  helicity  condition,  namely, 

(1 +iy5)i/>  =  0,  (28) 

where 


^mty\y,y.yf 

417^3 


7.1  Solutions  in  the  interior  geometry 

The  choice  of  the  tetrad  e (J  with  the  non-vanishing  components, 
eT0  =  1,  et  =  (RS  sin  0)"\ 

e*  =  (RSy\  e*  =  R~l(\ -<xR2)~112, 
enables  us  to  write  the  Dirac  equation  on  the  interior  geometry, 


RSy° 


3  1  dS\ 
+  2Sdr) 


+  R(1  —  aR2)'l2y3 


+  /  {d0  -f  j  cot  0)  +  y2  cosec  0 


ip  =  0. 


(29) 


These  are  the  four  coupled  equations  in  the  four  components  of  i p  and  can  be  solved 
using  the  method  of  separation  of  variables.  After  a  fair  amount  of  computation  we 
obtain  the  solutions  in  the  wkb  approximation  (k  1,  c o  1  fy/ot)  as, 


R 


i// '( 1 )  =  u,(1)  (  exp  ico 


J  Rb 


\p ,(2)  =  u,<2)exp(  —  ico 
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and 

a*{q)  =  ^{^R+i{q±l)} 

The  angular  functions  Si  and  S2  are  spin-weighted  spherical  harmonics  of  spin  weight 
half.  The  tetrad  has  been  chosen  for  the  comoving  observer  and  this  spinor  i pl  is  tied  to 
this  tetrad.  The  helicity  condition  has  been  used  and  it  forces  ip  to  be  of  the  form  ( t /,  j/)7 
where  g  itself  is  a  two-component  object.  The  quantity  r  is  nothing  but  2 y.  Since  cf>  is 
Killing  coordinate  the  dependence  of  the  spinor  on  (p  is  of  a  simple  nature.  The 


Neutrinos  in  gravitational  collapse 


73 


superscripts  1  and  2  indicate  the  outgoing  and  the  incoming  nature  of  the  solutions 
respectively.  The  superscript  i  denotes  that  the  solution  pertains  to  the  interior  metric. 


7.2  The  solutions  in  the  exterior  geometry 


The  procedure  followed  to  obtain  solutions  in  the  Schwarzschild  metric  is  similar  to 
that  of  the  interior  case.  The  tetrad  corresponds  to  that  of  the  static  observer.  Its 
nonvanishing  components  are  given  by, 

(  2m  \  ~  1  2 
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where  the  prime  and  the  bars  represent  quantities  pertaining  to  the  exterior  geometry. 
The  Dirac  equation  is 


1  - 


2m\~ 1/2 


2  m\ 


1/2 


7°5'+(i_tJ  (M1_ 

+  ~  (y1  {c*e  +  icot  0)  +  y2  cosec  c^)]^  =  0. 
The  solutions  as  in  the  previous  case  are  given  by 


2M\~112  M  1 


2r 


+ 


/V* 


*pei  11  =  ue(1){q)  exp  iaj 


qdr*. 


/V* 


» l>e{2)  =  ue(2)(q)  exp  -i 


10) 


q  dr*, 


J r a 


where. 


(31) 


(32) 


_  exp  —  i(cot  —  m<f>) 


ue[  ’(q)  = 


2  r  1  - 


2m 


1/4  (a  +  Siya_Si  i  a+S2,  a_S2)T, 


^(2i/  exp  i(ot  —  mcb) 

iq)  = - 7 - %h\i /«  <a~*  si .  at  S2,  at  S, ,  a*  S2  f. 


2r|l-^ 


q  = 


1,2 


1  - 


2  m\ 


cu2r2\1  r  ) 


1/2 


d±(</)  = 


(\qo\) 


1/2 


wr 


+  /(<7±1) 


srss  s*  “*•  “",o'  Tbt 

No*  .<  remain,  only  ro  maich  -la*  ,*o  solutions  a1  lhe 


74 


S  V  Dhurandhar 


7.3  The  junction  conditions 

We  assume  that  we  are  given  the  solutions  in  the  interior  geometry.  Our  aim  will  be  to 
continue  these  solutions  to  the  exterior  geometry.  We  observe  that  the  interior  solution 
i p‘  is  tied  up  to  the  tetrad  along  the  ( T ,  R)  directions  whereas  the  exterior  solution  \pe  is 
tied  to  the  tetrad  along  the  (r,  r)  coordinates.  Therefore  to  accomplish  the  matching,  it  is 
necessary  to  appropriately  rotate  the  j/1  by  a  matrix  o  corresponding  to  the  Lorentz 
transformation  between  the  two  tetrads. 

<Ae  =  (33) 

In  accordance  with  the  theory  of  partial  differential  equations,  it  is  not  enough  to 
match  only  the  values  of  if/  at  the  boundary  but  it  is  also  necessary  to  match  the 
derivatives.  The  derivatives  are  matched  in  the  following  manner, 


v,r 


dx " 


(34) 


Since  o  appears  in  this  equation  also,  the  tangent  space  to  j/1  are  not  merely  continued 
across  the  boundary  but  there  is  a  ‘mixture’  of  these  tangent  spaces  that  is  continuous.  In 
fact  (34)  defines  a  one-one  mapping  of  the  tangent  spaces  and  hence  determines  a  unique 
solution  in  the  exterior  geometry  once  the  interior  solution  is  given.  This  jumbling  of  the 
components  at  the  boundary  occurs  because  the  Dirac  equations  in  the  two  regions  are 
not  connected  merely  by  a  coordinate  transformation  owing  to  the  choice  of  the 
representations  of  y^'s.  The  angular  parts  of  the  solutions  immediately  yield,  k  =  k  and 
m  =  m.  The  matching  of  the  rest  of  the  solution  gives  two  equations  to  determine  to.  The 
two  equations  arise  from  the  matching  of  the  two  components  of  if/.  In  order  that  a 
unique  6)  may  be  obtained  the  equations  must  be  consistent.  The  relation  for  to  in  terms 
of  the  quantities  belonging  to  the  interior  region  is, 

to  =  ^-{(\-(xR2b)112 -^R^anXbQ)-  (35) 

b 

The  consistency  requirement  gives  rise  to  the  backward  emission  effect  in  a  most  natural 
and  elegant  way.  It  is  possible  to  match  the  outgoing  interior  solution  with  the  outgoing 
exterior  solution  only  for  B  <  Bm  where  B  =  k/to  and  Bm  is  the  root  of  the  equation, 

4(1  -  a R2b  sec2  Xb)  =  y/ctRh(l  -  q2)(\  -aR2b)112  tan*b.  (36) 

When  B  >  Bm  the  matching  is  possible  only  if  the  exterior  solution  is  incoming. 

Just  as  in  the  classical  case  the  effective  potential  barrier  in  the  Schwarzschild  domain 
exists.  But  unlike  the  classical  case,  instead  of  the  total  reflection  of  the  neutrino  from 
the  barrier  there  is  a  very  small  tunnelling  effect. 


8.  Conclusion 

The  behaviour  of  zero  mass  particles  is  studied  on  the  background  of  geometry 
pertaining  to  the  non-rotating  spherical  collapsing  object.  A  detailed  analysis  of  null 
geodesics  is  made  on  the  background  of  the  Friedmann  geometry  matched  on  to  the 
Schwarzschild  geometry.  Interesting  phenomena  such  as  backward  emission,  confine¬ 
ment  of  particles  etc.,  are  observed.  Assuming  a  simple  type  of  emission  process,  the  flux 
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profiles  at  infinity  are  discussed.  Effects  such  as  bursts,  discontinuities  and  decays  are 

observed  in  flux  profiles  at  various  stages  of  the  collapse. 

Finally  the  massless  Dirac  equation  pertaining  to  the  neutrino  studied  on  the 
background  of  these  spacetimes.  The  examination  of  the  solutions  of  the  Dirac  equation 
gives  considerable  insight  into  the  propagation  of  neutrinos  on  the  background 
geometry. 
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Discussion 

P  Majumdar:  How  are  your  conclusions  affected  if  the  neutrino  has  a  small  non-zero 

mass? 

S.  V.  Dhurandhar:  In  our  considerations  the  neutrinos  have  very  high  energies  and 
therefore  even  if  the  neutrinos  had  a  small  non-zero  mass  they  would  be  highly 
relativistic.  Although  such  neutrinos  would  travel  along  timelike  geodesics,  the  timelike 
geodesics  would  be  very  close  to  the  null  geodesics  of  which  we  have  made  detailed 
analysis.  Therefore  all  the  effects  which  are  borne  out  by  our  investigations  about  the 
massless  neutrino  will  essentially  remain  unaltered  provided  the  rest-mass  energy  of  the 
massive  neutrino  is  small  compared  with  its  total  energy. 


§  III.  ACCRETION  DISK  DYNAMICS 


INTRODUCTION 

One  of  the  outstanding  features  of  astrophysics  today  is  the  understanding  of  high 
energy  emission  mechanisms,  particularly  for  objects  like  quasars  and  x-ray  binaries.  It 
is  possible  that  accretion  of  matter  onto  compact  objects  could  be  the  most  effective 
process  that  lead  to  the  release  of  a  good  fraction  of  the  rest  mass  energy  in  an  efficient 
way.  In  the  case  of  accretion  onto  black  holes  ‘accretion  disks’  that  form  around  the 
black  hole  would  be  the  agency  for  plasma  processes  that  could  emit  high  energy 
radiation.  Hence  the  study  of  the  dynamics  of  accretion  disks  forms  a  very  important 
part  of  astrophysics,  w  herein  one  would  consider  the  detailed  structure  and  stability  of 
rotating  disks  around  black  holes  under  the  influence  of  gravitational,  electromagnetic, 
centrifugal  and  pressure  gradient  forces. 

In  the  following  two  articles  such  a  study  is  presented  for  the  dynamics  of  rotating 
(i)  thin  pressureless  charged  fluid  disk  confined  to  the  equatorial  plane  and  (ii)  a  thick 
uncharged  perfect  fluid  disk  with  non  zero  pressure  both  the  disks  considered  on  the 
background  ot  the  Schwarzschild  space-time.  As  has  been  pointed  out  it  is  very 
important  in  general  to  consider  the  dynamics  of  accretion  disks  under  the  influence  of 
gravitational  as  well  as  self  consistent  electromagnetic  fields.  Also  as  the  space-time 
outside  a  black  hole  would  be  highly  curved,  and  for  efficient  radiation  emission  r(, 
should  be  close  to  the  event  horizon,  it  is  necessary  that  the  entire  discussion  of  the 
d>  namics  be  carried  out  in  the  framework  of  general  relativity.  Though  several  attempts 
do  exist  with  some  of  these  aspects,  it  is  important  to  note  that  there  are  still  several 
open  problems,  some  of  which  in  our  opinion,  may  be  described  as  follows: 

(i)  the  study  of  thick  structured  plasma  disks  w'lth  the  inclusion  of  self  generated  as 
well  as  external  magnetic  fields. 

(11)  the  study  of  stability  under  axisymmetric  perturbations  with  the  inclusion  of 
dissipati\e  forces  like  radiation  pressure,  viscosity,  convection,  etc. 

(in)  the  study  of  passage  of  electromagnetic  waves  in  the  disks  which  would  cause 
perturbations  as  well  as  the  discussion  of  the  frequency  modulation  and  polarisation  of 
the  waves  due  to  their  passage  in  the  dense,  magnetised  plasma  of  the  disk. 

One  of  the  most  interesting  developments  that  would  help  in  tackling  these  problems 
is  the  formulation  of  electrodynamics  on  curved  space-time  I  due  to  Kip  Thorne  el  al 
( 1 98 1 )  tn  a  language  similar  to  the  nonrelativistic  electrodynamics  using  a  3  +  1  slicing 
of  the  space-time  and  writing  all  the  equations  in  terms  of  E  and  B  fields  unlike  the  usual 
covariant  tensor  notation.  With  the  availability  of  this  language  one  could  hope  for  a 
better  interaction  between  plasma  astrophysicists  and  general  relativists  so  that  some 
of  the  outstanding  problems  in  understanding  high  energy  cosmic  emission  through 
plasma  processes  on  curved  space-time  around  black  holes,  may  be  solved 
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1.  Introduction 

Accretion  is  synonymous  to  gravitation,  as  the  force  of  gravitation  is  always  attractive. 
It  is  well  known  that  a  lump  of  matter  left  to  itself  will  start  contracting  and  when  it  gets 
compact  will  continue  to  accrete  matter  from  its  surroundings.  An  isolated  compact 
object  w  ill  accrete  interstellar  matter  almost  radially  whereas  the  massive  component  of 
a  binary  will  accrete  matter  from  its  companion  in  a  preferred  direction. 

Such  accretion  leads  to  energy  release  which  may  be  observed  in  the  form  of  increased 
luminosity  of  the  compact  object,  as  given  by 

L  =  jMl  j^,  (1) 

wherein  V  ^is  the  free  fall  velocity  of  the  accreting  material.  This  velocity  for  a  particle 
impinging  upon  the  surface  of  a  star  may  be  obtained  by  equating  its  kinetic  and 
potential  energies  which  for  a  star  of  mass  M  and  radius  R  is  given  by  Vff  =  yJlGMJR. 
Hence  the  increased  luminosity  turns  out  to  be  r/MC2,  wherein  tj  =  GM/RC2  is  the 
efficiency  of  energy  release.  This  efficiency  factor  is  —  10~4  for  a  white  dwarf 
(M  ^  1  M0%  R  ~  1  Cf  cm)  and  p  ^  0.14  for  a  neutron  star  (M  ~  1  Af0,  R  ~  106  cm).  If 
the  compact  object  is  a  black  hole  then  though  its  radius  may  be  taken  as  to  be  2 G M /C2, 
we  cannot  take  t]  ^  0-5,  as  black  hole  offers  no  hard  surface  for  the  particle  to  impinge 
upon.  In  this  case  the  energy  release  through  accretion  comes  mainly  out  of 
thermalisation  of  the  matter  in  the  strong  potential  well  of  the  black  hole,  which  is 
released  before  the  matter  is  sucked  in  by  the  hole. 

If  the  accreting  matter  has  no  angular  momentum,  the  radiated  energy  would 
essentially  come  from  the  <  pdv  )  work  done  in  compressing  the  gas  and  if  the  accretion 
rate  is  below  a  certain  critical  value,  only  a  small  fraction  of  the  energy  w  ill  be  radiated 
depending  on  the  cooling  time  as  compared  to  the  characteristic  infall  time  scale.  If 

bremmstrahlung  is  the  only  cooling  agency  this  critical  value  is  given  by  (Lightman  el  al 
1978). 

M,  <  10-8(M/Mc)(r„/104)I,2M„  yr1.  (2) 

In  the  case  of  isolated  medium  mass  black  holes  in  interstellar  space  this  critical  value  is 
possibly  attained,  rendering  them  a  weak  source  of  x-rays. 

On  the  other  hand  if  the  infalling  matter  possess  angular  momentum,  as  for  example, 
m  the  case  of  binary  systems,  the  accretion  rate  would  be  higher  as  well  as  the  matter 
instead  .of  falling  radially,  would  form  a  rotating  disk  around  the  compact  object  Once 
such  a  disk  is  formed,  the  two  dominant  processes  of  radiation  from  the  disk  seem  to  be 
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(i)  bremmstrahlung  and  (ii)  comptonisation.  With  the  formation  of  the  disk  the  gas 
cannot  move  radially  without  losing  angular  momentum.  In  order  to  transport  angular 
momentum  one  invokes  viscosity,  which  will  ensure  the  process  of  mass  loss  to  be  very 
slow.  This  in  turn  would  give  sufficient  time  for  thermalisation  of  the  gas  to 
temperatures  of  the  order  108  K  rendering  the  disk  to  become  a  source  of  x-rays. 
Further  due  to  scattering  by  relativistic  electrons  (inverse  compton  effect)  one  could  get 
hard  x-rays  or  by  cold  electrons  (compton  effect)  one  could  get  lower  frequency 
emissions.  Because  of  these  possibilities,  the  accretion  disk  models  have  been  put 
forward  for  a  wide  variety  of  objects  like  quasars,  galactic  x-ray  sources,  bursters,  active 
nucleii  of  galaxies,  elliptical  galaxies,  and  also  for  the  most  enigmatic  object  SS433. 

One  of  the  early  models  considered  for  compact  x-ray  sources  based  on  accretion 
disks  was  due  to  Pringle  and  Rees  (1972)  and  for  quasars  due  to  Lynden  Bell  (1969). 
Subsequently  several  models  have  been  suggested,  a  good  review  of  which  may  be  found 
in  Lightman  et  al  ( 1 978).  As  mentioned  earlier  all  these  models  come  under  the  category 
of  standard  accretion  disk  models  (sadm)  which  mainly  are  geometrically  thin  (h  <£  R) 
and  have  three  distinct  regions  (Shakura  and  Sunyaev  1976) 


(i)  inner  region 

p  p  Z  es  A  ^ 

(ii)  middle  region 

Pr  <  Pg ’ 

(iii)  outer  region 

Pr  <  Pg ,  ^ 

wherein  pr  and  pg  denote  the  radiation  and  gas  pressure  and  zes  and  Aff  denote  the 
opacity  due  to  electron  scattering  and  free-free  absorption.  Further,  the  inner  region  is 
normally  taken  to  be  the  hottest  with  maximum  output  of  radiation.  The  energy 
production  rate  Q +  is  zero  at  r  =  r,,  the  inner  edge  and  reaches  maximum  at 
r  =  (49/36) m  and  decreases  as  r'3  for  large  r.  The  total  luminosity, 

'*00 

L  =  47r  Q  +  rdr  =  \MdMc/rh  (3) 

J  n 

is  independent  of  the  nature  of  the  dissipative  forces  and  depends  only  on  the  accretion 
rate  Md  and  the  inner  radius  r,.  Hence  smaller  the  rh  larger  will  be  the  luminosity  for  the 
same  accretion  rate. 

The  dynamics  of  the  disk  as  envisaged  in  the  standard  disk  models  is  governed  by  the 
laws  of  conservations  of  mass,  angular  momentum,  energy  and  vertical  momentum, 
nature  of  viscosity  and  by  the  law  of  radiative  transfer,  from  inside  of  the  disk  to  its 
upper  and  lower  faces.  The  gas  is  assumed  to  be  supported  against  the  gravitational  pull 
of  the  central  compact  object  mainly  by  the  rotation  with  Keplerian  azimuthal  velocity. 
Due  to  viscous  forces  the  gas  loses  angular  momentum  and  acquires  radial  velocity, 
while  in  the  vertical  direction  the  velocity  is  assumed  to  be  subsonic  so  that  the  vertical 
structure  is  governed  by  the  law  of  hydrostatic  balance.  Turbulence  and  small  scale 
magnetic  field  contributes  to  the  viscosity  and  one  writes  for  the  case  of  Keplerian 
motion,  the  integrated  viscous  stress  t r(p  =  2<xph ,  p  =  pressure,  h  =  vertical  height  and  a 
is  a  constant  less  than  1.  The  energy  produced  due  to  the  friction  is  transferred  to  its 
surfaces.  The  medium  is  considered  as  optically  thick  with  the  opacity  due  to  Thomson 
scattering  and  due  to  free-free  absorption.  To  discuss  the  stationary  state  one  also  needs 
an  equation  of  state  with  the  total  pressure  due  to  pr  and  pg,  and  an  equation  connecting 
the  radiation  density  to  the  thermodynamical  properties  of  the  gas.  Starting  with  such 
steady  state  disks,  various  authors  have  considered  the  stability  under  varying  kinds  of 
perturbations. 
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Considering  the  disk  dynamics  we  find  that  the  most  important  feature  missing  is  the 
dynamical  role  of  the  magnetic  field.  In  fact  as  pointed  out  by  Lightman  et  al  (1978)  at 
the  high  temperatures  attained  close  to  the  black  hole  (7  ~  1012  K)  the  particle  mean 
free  paths  are  so  long  that  a  fluid  dynamical  treatment  is  not  really  self-consistent,  unless 
collective  effects  are  operative.  However,  the  only  saving  grace  is  the  magnetic  field 
which  if  dynamically  important  at  the  accretion  radius  would  affect  the  character  of  the 
flow.  Even  if  it  is  initially  negligible  (like  interstellar  field)  the  field  lines  will  be  stretched 
radially  during  the  inflow  as  a  consequence  of  which  the  magnetic  energy  density  will 
vary  as  r"4  and  will  become  dynamically  important.  The  effects  of  such  fields  was 
considered  by  Bisnovatyi-Kogan  and  coworkers,  a  detailed  treatment  of  which  may  be 
found  in  Bisnovatyi-Kogan  (1979). 

However,  another  important  contribution  to  the  magnetic  field  would  come  from  the 
disk  itself  wherein  due  to  the  rotation  of  the  charged  constituents  of  the  gas  current 
loops  will  be  set  up  and  these  loops  will  produce  a  magnetic  field.  Thus  it  is  our 
contention  that  in  any  discussion  of  the  dynamics  of  accretion  disks  one  should  consider 
the  effects  due  to  self-generated  electromagnetic  fields.  This  would  mean  that  when  one 
considers  the  general  conservation  laws  one  should  consider  the  effects  of  a  self¬ 
generated  electromagnetic  field  due  to  the  motion  of  the  fluid  in  the  disk.  Particularly  if 
one  is  studying  the  disk  around  a  black  hole  as  the  space-time  curvature  will  be  very 
strong  in  its  vicinity  the  electromagnetic  field  so  generated  will  be  enhanced  and  thus 
will  be  dynamically  very  important.  In  the  presence  of  magnetic  field,  as  the  charged 
particles  can  get  really  close  to  the  black  hole  without  being  sucked  in,  the  inner  radius 
of  the  disk  can  be  very  close  to  the  black  hole  and  thus  the  general  relativistic  effects  will 
be  significant. 


2.  Equations  of  structure 


To  treat  such  a  system  as  mentioned  above,  we  will  now  consider  the  complete  set  of 
dynamical  equations  that  govern  the  disk  with  the  following  assumptions: 

(i)  The  disk  is  not  massive  in  comparison  with  the  black  hole  and  as  such  the  space- 
time  structure  supporting  the  disk  is  entirely  governed  by  the  black  hole. 

In)  The  electromagnetic  field  produced  in  and  around  the  disk  is  also  of  small  energy 

compared  to  the  black  hole  mass  that  it  does  not  affect  the  geometry,  but  itself  gets 
modified  by  the  geometry. 

W  ith  these  two  assumptions  our  task  now  is  to  consider  the  dynamics  of  fluid  disks 

(in  general  having  both  charge  density  and  conductivity)  rotating  around  a  black  hole. 

The  disk  is  taken  to  be  in  equilibrium  under  the  action  of  gravitational,  centrifugal 

pressure  gradient  and  electromagnetic  forces.  Considering  the  disk  to  be  made  up  of 

charged  perfect  fluid  with  pressure  p,  matter  density  p,  charge  density  e,  conductivity  o . 

he  laws  of  conservation  of  energy  and  momentum  may  be  expressed  through  the 
covariant  equations 


Hj  =  o, 

with  the  covanant  derivative  taken  w.r.t.  the  background  metric  and 


rt  =  (P  +  p/c1)ului  —  p/c2dj  —  — 


(4) 


c 


(5) 
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wherein  the  electromagnetic  energy  momentum  tensor  E\  is  given  by 
E{  =  FikF^-iSiFuFa, 

with  the  field  tensor  F{j  satisfying  the  covariant  Maxwell’s  equations 

r'ij  _  fir  A 

t J  =  =  U’ 

along  with  the  generalised  Ohm’s  law 
J'  =  C8U‘  +  oFljUj 


(6) 


(7) 


(8) 


u‘  being  the  fluid  four-velocity.  Considering  the  background  geometry  to  be  given  by 
the  metric 


ds2  =  Qij  dx‘dx\ 


we  will  have  the  fluid  four-velocity  normalisation  condition 

giju‘  uj  =  + 1, 

u‘  =  d-x'/ds. 


with 


(9) 


(10) 

(11) 


With  these  we  have  the  conservation  equations  (1)  split  up  into  the  equation  of 
continuity  (mass  conservation) 


(12) 


P-jUJ  +  (p  +  p/c2)u{j  =  ^FikJku\ 

and  the  momentum  equations: 

p  +  ^JuVui  +  (~i)  ( uluj-gij )  =  ^(Fik-Flkuiul)Jk. 

Using  the  spatial  3-velocity  Va,  defined  through  the  relation  ua  =  u°  V*/c,  these  systems 
of  equations  may  be  written  as 


(13) 


(p+t)[  v%  -  rg.  V  +  C  r*0a  +  r  J,  v  -  r%  v  v'/c] 


'dp  dp  \  1  (dp  f/a  dp  \  1 


+ 


dt 

1 


dxa  /  c2  V  dt 


gOO  <il  +  cg0a 

9  dt  9  dxa 


-  2 fu0)2  (  F0,F-0  +  FofFt  +  KJl  (F„0F°  +  F,yFl) 


=  0 


(14) 


and 


p+4  l(«0)2 


dy"  +  yndv“  +c2{ r*  r° 

~dF  +  l  dx«+C  l  00  c00 


+  2cvHr%t~r°0,'\+  v*  (/'(a-—r“, 
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dxfi 


+  eu 


F2  F2  _ F°  Va  V* 

t°  +  ctr  c2* p 


+ 


(15) 


These  four  equations  (14)  and  (15)  together  with  the  set  of  eight  Maxwell  equations  (7) 
constitute  the  system  of  equations  governing  the  structure  of  a  rotating  charged  fluid 
disk  around  a  gravitating  source  which  is  in  equilibrium  under  the  influence  of 

(i)  the  gravitational  field  produced  by  the  background  geometry 

(ii)  the  centrifugal  force  produced  by  the  rotating  disk  ( Va)  and 

(iii)  the  self-consistent  electromagnetic  field  produced  by  the  moving  charged  fluid  of 
the  disk  (F^). 

However  this  system  has  only  twelve  equations  whereas  the  number  of  unknowns  are 
thirteen,  viz.,  the  velocity  field  Vx,  the  electromagnetic  fields  £a  and  B*  and  the  fluid 
parameters  p,  p ,  £  and  o.  Hence  in  order  to  close  the  system  we  need  an  equation  of  state 
with  which  the  system  will  be  completely  determined. 

It  is  clear  from  the  general  system  of  equations  that  it  is  extremely  formidable  to  solve 
for  the  structure  in  general.  Thus  in  the  present  analysis  we  look  for  the  particular  case 
(more  to  show  the  possible  existence  of  a  solution)  of  a  geometrically  thin  disk  of 
nonconducting  (o  =  0)  charged  fluid  with  axisymmetric  electromagnetic  field  having 
only  the  azimuthal  component  of  velocity  to  be  non-zero. 

Taking  the  Schwarzschild  geometry  as  the  background  space-time  and  rewTiting  the 
system  of  equations  in  terms  of  local  Loren tz  components  of  all  field  quantities  Va,  F,  . 
we  get  ( Prasanna  and  Chakraborty  1980)  for  the  steady  state,  the  equations: 


Po  \  J  me2  (  2m\(V{*)) 


^0  +  c2 


M\2 


~  1- 


—  >+  1  - 
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(-t)£ 


r  J 


l /(<p) 

F  -i _ 2_  f 

0(r)(»)  '  rO(r)(</>) 


P  0  + 


Po\coiO 

c2  J  r 


vy  =  (  1  - 


yf\  1  d_Po 
r  de 


+  £n  I  1  — 


J/MJ\  1 1 2 


i/M 

F  +  _ F 

r  O<0)(t)  T-  t 


O(0)(f)  '  1  O(0)(  <p) 
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Cnl  1 - 


1  - 


7m  ^ 1 12 
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(16) 


(17) 

(18) 
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cr 


1  12 


O<0)(/) 


0(r)(r) 
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(  r 
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,  2m\ 

1/2 

r( 

‘-tJ 

F 

O(^Kr) 

(19) 

(20) 
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d  ,  d 

—  [r  sin  0  F0t0)tvl]  +  — 


r  sin  Ol  1 - 


2m\  1/2 


0  (<P)(r) 


=  0 , 


d 


dO 


[sin  0FO, ,)<»>]  =  0, 


dr 


2m  \ 1/2 


r  1  - 


0(tf)(r) 


=  0, 


d 


dr 


r{'-vTF 


d 


0  <V)(r) 

r  d 


d 


47rer 


■( <pf 


+  T-JF  = - 2  1 - 2 


p.Q  L  O(V)(0) 


cr 


s\n  OdO 


sin  Ol  1  — 


2w\" 1/2 


0(f)(0) 


2m\~ 1/2  /  F<fV,/2 


=  47rf;0r“  1 -  1  - 


r  y 


(22) 

(23) 


(24) 


(25) 


(26) 


The  equation  of  continuity  being  identically  satisfied  through  the  requirements  of 
conservation  of  charge  and  of  mass  explicitly. 


3.  Steady  state  solutions 

As  mentioned  earlier  our  main  aim  is  to  solve  the  equations  governing  the  structure  of 
the  disk  self-consistently  such  that  the  electromagnetic  field  produced  by  the  rotating 
disk  equilibrates  the  centrifugal  and  pressure  gradient  forces  of  the  disk  along  with  the 
gravitational  force  of  the  central  massive  object.  Looking  at  the  set  of  equations  ( 16)  to 
(26),  it  is  clear  from  (18)  that 

^o(vHf)  =  0->  (27) 

i.e.  the  toroidal  electric  field  is  zero.  This  in  fact  is  consistent  with  the  Maxwell's 
equations  (20)  and  (21)  which  are  identically  satisfied  with  (27),  as  well  as  the 
requirements  of  axisymmetry.  Further  it  is  clear  from  the  equations  that  the  toroidal 
magnetic  field  F0(r)(<?),  too  may  be  taken  to  be  zero  as  it  is  not  coupled  to  any  other 
physical  parameter  of  the  system  and  further  is  consistent  with  axisymmetry.  This 
satisfies  (23)  and  (24)  identically  and  thus  we  will  now  be  left  with  six  equations  (16),  (17), 
(19),  (22),  (25)  and  (26),  connecting  the  eight  quantities  p,  p,  Vjf\  £,  Er ,  Ed ,  Br  and  Be. 
Hence  in  order  to  solve  this  system  we  will  need  two  more  conditions.  Though,  in 
principle,  one  should  choose  an  equation  of  state  connecting  p  and  p,  prudence  points 
out  that  it  is  better  at  this  stage  to  solve  for  the  electromagnetic  field  first  and  then  look 
for  consistent  solutions. 

Considering  (22)  and  (25)  governing  the  magnetic  fields  it  is  clear  that  by  choosing  a 
proper  source  function  the  magnetic  field  could  be  determined  completely.  If  the  right 
side  of  (25)  is  chosen  as  given  then  we  have  two  possible  cases. 

(i)  £q  is  constant  and  uv  is  constant  meaning  that  the  charge  density  observed  by  the 
comoving  observer  is  constant  and  the  disk  is  having  a  differential  rotation 

(ii)  u^/u0  is  constant  indicating  rigid  rotation,  and  b  =  e0(l  —  2m/r)~ 1  2 
( 1  —  Vq)2/c2)~  1/2,  the  charge  density  as  observed  by  the  observer  at  infinity  is  constant. 

We  shall  consider  these  two  cases  separately  looking  for  complete  solution  of  the 
structure  equations. 
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3.1  Differential  rotation 

u*  =  Cl/c  where  Q  is  a  constant,  gives  the  azimuthal  angular  velocity  V0(q>) 
=  rQ  sint?  (1  +  r2Q2  sin2  O/c2)'  1/2  and  this  together  with  £0  =  constant  would  make 

(25)  to  be 


d_ 

dr 


1  - 


2m 


1/2 


0<V><r) 


+  ^0 (<pm 


4nc0 


Q  sin  0. 


(28) 


Considering  the  source  of  the  magnetic  field  which  is  £0O  it  is  obvious  that  the  current 
loops  are  produced  due  to  the  motion  of  the  charges  in  the  disk  and  as  such  the  magnetic 
field  at  infinity  would  be  dipolar  in  character.  Thus  we  can  assume  the  magnetic  field  to 
be  such  that  its  components  are  given  by 


0 <v)<0) 


=  Br  =  (2/iCOS  0/r3)/(r), 


F0 (r)<v»  =  Be  =  (p  sin  6 /r3)g(rl  (29) 

wherein /(r)  and  g{r)  characterise  the  contributions  due  to  the  gravitational  field  and 
would  go  to  1  as  r  ->  oo,  and  g  is  the  dipole  moment. 

Substituting  from  (29)  in  (22)  and  (28)  we  get  the  equations  for  / and  g  to  be 

(30) 


(31) 


It  is  clear  that  in  the  absence  of  charges  ( i.e .  outside  the  disk)  where  £0  =  0  these 
equations  are  same  as  the  ones  obtained  by  Ginzburg  and  Ozernoi  (1965)  for  the 
external  field  of  a  magnetic  star.  Thus  we  look  for  a  solution  of  (30)  and  (31)  such  that  at 
the  outer  boundary  of  the  disk,  these  solutions  match  with  the  solution  of  Ginzburg  and 
Ozernoi.  Hence  we  have  the  solutions  for  / and  g  to  be 


with 


/=  cifi  +C2f2  —  (2nClE0/5pc)hxr5, 


h  ■  b 


(32) 


(33) 


and 


^  /  87rO£0 

9=  +  l  0 


9i  = 
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ln|  1  —  — 
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3  m  4m 2 
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-1  + 
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-  1 
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1  - 


:m 


1  /  2 


(34) 
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As  there  are  two  constants  Cj  and  C2  we  need  to  have  two  conditions  and  we  choose 
them  to  be  the  continuity  of  fields  at  the  outer  and  inner  edge  of  the  disk.  As  pointed  out 
at  the  outer  edge  the  fields  match  the  Ginzburg-Ozernoi  solution  whereas  at  the  inner 
edge  we  need  to  find  the  solution  for  the  region  between  the  inner  edge  and  the  stellar 
surface  with  £0  =  0. 

In  the  absence  ot  gravitational  field  the  magnetic  field  inside  a  circular  current  loop  of 
radius  a  is  given  by 

F(r)«p)  =  =  -n  sin  d/a\  F{tpm  =  Br  =  pcos  9/a\  (35) 

Generalising  this  to  the  case  of  the  disk  and  introducing  corrections  due  to  space-time 
curvature  we  have 


B0  =  -  pD  sin  9  g{r),  Br  =  g  D  cos  0f(r), 

with 

D  =  ^Rh-Ra)/m3iRt-R*).  ,36) 

We  determine  /  and  g  by  solving  the  Maxwell’s  equations  on  the  background  geometry 
and  the  solution  so  obtained  is  given  by 


f=C 


+  c 


2  ’ 


9  = 


m  m 
+  — +  - 


r  r 


(37) 

(38) 


As  the  fields  should  be  regular  at  r  =  2m,  we  choose  C,  =  0  and  to  get  the  flat  space 
components  as  m  — ►  0,  we  choose  C2  =  1.  Thus  the  field  components  for  the  region  r 
<  ra  are  given  by 


Br  =  gD  cos  0,  B0  =  —  gD  sin  0 


(39) 


Thus  at  r  =  rh  the  Br  and  B0  coincide  with  the  Ginzburg-Ozernoi  solution  whereas  at 
r  —  ra  they  coincide  with  Br  and  B0  respectively.  These  boundary  conditions  can  be  used 
to  determine  the  constants  of  integration  and  thus  the  magnetic  field  may  be  determined 
uniquely. 

In  order  to  obtain  the  electric  field  structure  we  now  reconsider  the  set  of  equations 
governing  the  steady  state  and  make  use  of  the  fact  that  the  electromagnetic  field  must 
be  self-consistent  with  the  charge  distribution  and  the  velocity  field.  Hence  from  (16) 
and  ( 1 7)  we  can  solve  for  the  components  Er  (  =  F0(r)(f))  and  Ee  (  =  E0{d)u))  algebraically 
in  terms  of  p0,  p0,  Br  and  Be.  Using  these  values  of  Er  and  Ee  in  ( 19)  and  (26)  the  system 
may  be  closed  giving  different  conditions  connecting  p0 ,  p0  and  the  magnetic  field.  In 
this  way  we  can  solve  the  entire  set  of  steady  state  equations  self-consistently  and  obtain 
the  components  of  all  the  physical  parameters  in  terms  of£0  and  Q.  In  principle  when  we 
solve  for  p0  and  p0  first  order  differential  equations  we  will  have  two  more  constants  of 
integration  which  need  to  be  specified.  In  order  to  get  these  we  use  again  the  boundary 
condition  of  continuity  of  the  electric  field. 

As  the  field  structure  of  the  magnetic  field  outside  the  disk  has  been  assumed  to  be 
dipolar  it  is  clear  that  we  should  take  for  the  electric  field  only  a  monopole  structure 
outside  the  distribution.  Thus  if  we  now  look  at  the  structure  of  the  electric  field  inside 
and  outside  a  charged  current  loop  we  know  that  the  field  inside  is  zero  whereas  outside 
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there  will  only  be  the  Er  component  non-zero  given  by  the  Coulomb  field  q/r 2,  q  being 
the  total  charge  on  the  ring.  Generalising  this  to  the  field  outside  a  charged  disk  we 
expect  the  field  to  be  for  R  <  Ra 

E,  =  0,  Ee  =  0,  (40) 


whereas  for  R  >  Rb 


Ee  =  0, 

rR 

Br  =  q/r2,  q  =  2ne0m2  (1  +  R2w2y  2  R  6R.  (41) 

J  Ra 

Though  in  principle  this  way  one  can  determine  all  the  steady  state  parameters  uniquely, 
in  practice  it  is  quite  formidable  to  solve,  as  the  differential  equations  for  p0  and  p0  are 
very  complicated.  (Equations  (4.19)  and  (4.20)  of  Prasanna  and  Chakraborty  (1980)). 
Hence  we  make  one  more  simplifying  assumption  which  is  reasonable.  We  shall 
consider  the  case  of  a  geometrically  thin  disk  confined  to  the  equatorial  plane  6  =  n/2. 
As  the  hydrostatic  pressure  p0  is  supposed  to  give  the  vertical  balance  of  the  disk  against 
self-gravitation,  in  the  case  of  infinitesimally  thin  disk  without  self-gravitation,  p0  can  be 
assumed  to  be  zero  as  there  is  no  vertical  structure.  Thus  using  0  =  n/2  and  p0  =  0.  the 
components  of  the  electromagnetic  field  turn  out  to  be 


Br  =  0,  Ee  =  0, 

EJPjSh_ 

_e0r  (r 


Be  =  (p/r^giri 


1/2 


-1/2 


(42) 


In  order  to  solve  for  p0,  we  first  introduce  the  height  coordinate  h  =  Rm(n/2  -  6)  and 
two  densities  p0,  e0,  a  and  p  as  given  by  equation  (4.20)  of  Prasanna  and  Chakraborty 
(1980) 


Po  =  PoiB)d(h),  a  =  <xS(h),  ft  =  pb{h),  e0  =  e0S{h)  (43) 

(in  equation  (4.20)  of  Prasanna  and  Chakraborty  ( 1 980) )  and  integrate  with  respect  to  h 
to  get  the  equation 
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8n 


(44) 


Hpanding  the  factor  (1  -2/R)'  2  and  considering  terms  up  to  l/R6,  we  can  integrate 
this  equation  and  get  the  solution  for  p0. 


1  (  2 \1/2 

Po  =  R\]~Rj  (,  +  R2(Jj2)112 


1 

R 


4nPD-w(\  4  R2w2) 


2‘  1/2  Ja(-C ,0,  —  C202)  4-  u)Rih2p\  4-  C3 


(45) 
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wherein 


D  =  (\  +  R2 a>2)312  (  ^w2  —  -|-  * 


+  (l+R2co2)1/2|^-35 
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(1  +KV)1/2+l 

From  this  expression  for  p0  it  is  obvious  that  it  has  singularities  at  R  given  by 

(R  -  2)1/2  (R3co2  -  3 R2w2  -  1)  =  0.  (47) 

At  R  =  2  the  singularity  is  due  to  ‘event  horizon’  of  the  back  ground  space  and  as  Ra  2 
we  do  not  have  to  worry  about  it.  On  the  other  hand  if  we  take 


RW-3KW-  1  =  0, 


2  ,..2 


(48) 


we  get 

Rs  =  1  +(2^P[{1  +2c°2  +  (1  +4^2)1/2}1/3 

+  {1  +2co2-(l  +4w2)1/2}1/3],  (49) 

which  for  lower  values  of  c o  lies  very  far  away  and  as  c o  increases  approaches  the  value  3 
asymptotically.  But  if  we  look  at  the  structure  of  the  electric  and  magnetic  fields  outside 
the  disk,  the  monopole  electric  field  and  the  dipole  magnetic  field  are  just  the  first  order 
terms  of  the  respective  fields  in  multipole  expansion  which  obviously  means  that  we 
have  already  restricted  the  velocities  of  the  charged  particles  to  be  small  compared  to  c. 
Thus  we  must  for  consistency  have  only  the  slowly  rotating  disks  with  co  small,  which 
means  that  Rs  would  lie  very  far  away.  Obviously  given  an  co  we  shall  choose  Rb  <!  Rs 
thus  ensuring  the  density  function  regular  in  its  domain  of  definition. 

Before  considering  the  profiles  we  shall  first  evaluate  the  constants  of  integration  Q , 
C2  and  C3 .  However,  as  we  will  have  four  boundary  conditions — continuity  of  Er  and  Bd 
at  Ra  and  Rb,  we  can  evaluate  one  more  parameter  and  thus  we  shall  calculate  (3  the 
constant  associated  with  the  charge  density  e0.  Introducing  dimensionless  parameters 
we  can  write 
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me0 


y  =  '  c2 


4nJfD  Ci 


(£r)ft/2  —  n2  4" 


12  R2  R2  ’ 

Po  =  (y-Y0x)R(l+R2a>2)l,2(  1- 


■-"'"'-ir  H'-s1''"' 


- 1 


vn  = 


Rco 


0  (l+SV)1'2’ 


Accretion  disks  around  compact  objects 


89 


and 


with 
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herein  the  subscripts  u  and  b  denote  the  values  of  the  functions  at  ra  and  rb  respectively. 
Figures  1  and  2  denote  the  profiles  of  density  electric  and  magnetic  fields  for  different 
choice  of  the  rotation  parameter  a>  and  for  different  sizes. 
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H*urr  I.  Differential  Rotation  Rm  =  3  5,  R„  =  10.  to  =  0004 
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Figure  2.  Differential  Rotation  Ra  =  3-5,  Rb  =  250,  to  =  0-3  x  10  5 


Figure  3.  Rigid  Rotation  Ra  =  21,  Rb  =  10,  to  —  0031 
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3.2  Rigid  rotation 

As  mentioned  earlier,  if  we  choose  u^/u0  as  constant,  we  w  ill  have  a  rigidly  rotating  disk 
from  the  point  of  view  of  the  external  observer,  and  as  such  we  appropriately  take  the 
charge  density  as  observed  by  the  far  away  observer  b  =  s0(\  —  2m/r)~ 1  2 
(1  —  >  T  / c 2)  1  2,  to  be  a  constant.  Taking  uv/u°  =  Q/c.  Q  a  constant  we  get  the  three- 
velocity 


V{t=  rQ  sin  0(1- 


2m 


-1/2 


The  equations  governing  a  dipolar  type  of  magnetic  field  are  given  by 


d 
dr 


4(i- 

r  \  r 


2  wi x  1  2 


Obviously  the  solutions  are  the  same  as  we  had  in  (32)  to  (34)  with  e  replaced  by  b. 
Adopting  a  similar  technique  as  was  used  in  the  case  of  differentially  rotating  disk  we 

can  get  the  physical  quantities  associated  with  a  thin  pressureless  disk  confined  to  the 
equatorial  plane,  to  be 


mb  y  fa  _ 

*  =  7T<b«U=-^3  l-Ctg,-C2g2)  +  —  pcoR2h: 


mb 


R 


y._(£,  _4"/^ 
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Po  =  [y-  r0x]j?(  i  ~---r2(o2  )( i-R  ho2 
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2  \  -  1 12 

l  0  =  Rw[  \-~ 
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1 12 


9»\DR-  r-F 


^9la92h  9lb92 
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9\h\DRl(  I  - 


2  y/2 

~.)  +A _ 

^9  2o9  lb  9 2 b9  1  o  ^ 


R  /  1  I-  +  9io  ■jgSif  +  A1 


—  471  — 


t -/»*:• 
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A  2  = 


48  RlhlbA 


5  {Rl-Rl){Rt-R*Y 


A  = 


rRt 


r , 


1/2 


r['-r 


d  R. 


Figures  3  and  4  show  the  profiles  of  the  density  distribution  and  the  fields  for  the  rigidly 
rotating  disks  with  different  values  of  ft. 


4.  Stability  analysis 


Having  obtained  the  steady-state  structure  of  pressureless  thin  disks  for  differential  as 
well  as  rigid  rotations  we  have  also  discussed  the  stability  of  such  disks  under  purely 
radial  perturbations.  The  general  perturbation  equations  for  charged  fluid  disks  are  as 
given  in  §3  of  Prasanna  and  Chakra borty  ( 1 980),  and  for  purely  radial  perturbations  we 
shall  have  the  pulsation  equation  as  in  (5.1)  to  (5.4)  of  the  same  reference.  The  self- 
adjoint  characteristic  equation  may  be  obtained  as 


(- p0Z  +  x)2y2dR 
d  , 

—  {(-p0Z  +  x)y  } 


d  R 


Figure  4.  Rigid  rotation  R  =  21,  R  =  50.  at  =  0  003 
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'R> 


-  2amP  I  y2?/?(  1  -  — 


2  \1/2  d 


JR. 


-{-p0Z  +  x)[  1  -- 


R  1  dR 


(  —  p0  Z  +  x ) 


-1/2 


Fid/? 


wherein 


^-{21  l-JjsVd+iiVr  +  i-jK 


for  the  case  of  differential  rotation  and 


for  rigid  rotation.  As  all  the  quantities  are  known  here  except  a2,  we  can  evaluate  by 
using  a  trial  function  of  the  form 


y=(R-Ra)(Rb-R\ 

and  choosing  different  sets  of  Ra,  Rh  and  c o.  It  was  found  that  in  all  the  cases  considered 
cr  >  0  indicating  the  stability  of  these  disks  under  radial  perturbation.  This  result  is  not 
altogether  unexpected  as  we  have  restricted  the  disks  to  be  slowly  rotating  and  further 
did  not  have  any  dissipation  of  energy  from  the  system. 

It  would  indeed  be  very  important  to  consider  structured  thick  disks  with  non-zero 
pressure  as  then  and  only  then  one  can  allow  for  regimes  with  different  densities  and 
temperatures  effecting  physical  processes  leading  to  emission  of  radiation. 
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I.  Introduction 

Many  astronomical  objects  are  believed  to  radiate  energy  released  by  mass  accretion 
onto  a  compact  star:  a  neutron  star  or  a  black  hole.  The  accreting  matter  forms  a 
rotating  disk  if  it  has  sufficient  angular  momentum.  It  is  well  know  n  that  the  disk  has  a 
geometrically  thick  structure  for  a  super-critical  accretion  rate  (Shakura  and  Sunyaev 
1973).  On  the  other  hand  the  disk  is  thin  if  the  accretion  rate  is  very  low'  (subcritical 
accretion).  Thin  disk  models  were  developed  by  Pringle  and  Rees  (1972),  Shakura  and 
Sunyaev  (1973)  and  Novikov  and  Thorne  (1973),  later  termed  as  standard  x-model.  It 
was  shown  that  the  instabilities  (Lightman  1974a. b;  Shakura  and  Sunyaev  1976). 
probably  cause  the  disk  to  puff  ofT  and  to  become  geometrically  thick. 

Models  of  the  thick  accretion  disk  have  been  proposed  by  various  authors  (Wiita  et 
al  1980;  Paczynski  and  Wiita  1980:  Jaroszynski  et  al  1980;  Abramowicz  et  al  1980).  The 
surface  of  the  disk  forms  a  double  funnel  around  the  rotation  axis  of  the  central 
compact  star.  The  inner  edge  of  the  disk  extends  down  to  the  marginally  bound  circular 
orb'1  rmb(  =  4GM/cA  for  a  Schwarzschild  black  hole)  and  forms  a  cusp  (Kozlowoski 
et  al  1978;  fishbone  and  Moncrief  1976).  All  the  studies  of  the  thick  disks  made  so  far. 
concern  only  the  steady  state  structure  and  the  resultant  luminosity.  It  is  very  important 
to  study  the  stability  of  such  disks. 

Recently  we  (C  hakraborty  and  Prasanna  1981,  1982)  have  analysed  the  structure  and 
stability  of  thick  fluid  disk  rotating  around  a  compact  star.  The  disk,  we  have 
considered,  is  made  up  of  perfect  fluid  w  hose  mass  is  negligible  compared  to  that  of  the 
central  star.  The  gravitational  field  is  therefore  solely  determined  bv  the  central  source 
which  we  have  regarded  as  a  non-rotat  ing  compact  star.  The  disk  is  in  equilibrium  under 
the  gravitational,  centrifugal  and  pressure  gradient  forces.  After  obtaining  a  class  of 
steady  state  solutions  we  have  studied  the  stability  of  such  disk  under  axi-symmetric 
perturbations.  We  use  the  variational  principle  as  developed  by  Chandrasekhar  and 

f  riedman  ( 1972a.  b)  to  calculate  the  critical  value  of  the  adiabatic  index  for  the  neutral 
mode  of  deformation. 


2.  Steady  state  solutions 

-  1  f  he  fundamental  equations  governing  the  dynamics 

The  fundamental  equations  governing  the  dynamics  of  a  non-self-gravitating  perfect 
Imd  d,sk  rotating  around  a  compact  star  can  be  derived  from  (Prasanna  and 
(  hakraborty  1981;  (  hakraborty  and  Prasanna  1982). 
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(i)  the  law  of  conservation  of  energy-momentum 

Tij;j  =  0,  (l) 

where  I'lj  is  the  energy-momentum  tensor  given  by 

Tlj  =  pg'J  +(p  +  pc2)^^,  (2) 

wherein  p,  pc2  and  u‘  are  pressure,  energy  density  and  for  velocity  respectively, 

(ii)  the  laws  of  thermodynamics  which  include  the  law  of  conservation  of  baryon 
number 

(m/);  i  =  0,  (3) 

where  n  is  the  number  density  of  baryons  and  the  second  law  of  thermodynamics 

du  +  pdV  =  Tds,  (4) 

where  u,  F,  T  and  s  are  respectively  the  internal  energy,  volume,  temperature  and 
entropy.  The  above  set  of  equations  is  supplemented  by  a  suitable  equation  of  state  to 
make  the  system  of  equations  close. 

As  ul  satisfies  the  normalisation  relationship  u,V  =  —1,(1)  may  be  resolved  into  the 
equation  of  continuity 

Pi  ul +  (p-\-p/c2)ui\  i  =  0,  (5) 

and  the  equation 

(p  +  p/c2)u‘;j  uj  =  -  ^  (gij  +  uiuj)pj.  (6) 

Using  (3),  (4),  (5)  and  an  equation  of  state 


pc2  =  nM0c2  +  p/(y  -  1),  (7) 

where  M0  is  the  rest  mass  of  each  baryon  and  y(=  cp/cv)  is  the  adiabatic  index,  we 
obtain 


u]ny  d  (  p  \  = 
(y  —  1)  dxj\ny  J 


(8) 


expressing  the  conservation  of  entropy  along  the  line  of  flow  of  the  fluid.  Equations  ot 
momentum  conservation  can  be  obtained  from  (6)  which  along  with  the  continuity 
equation  (5),  baryon  conservation  equation  (3)  and  equation  (8)  ot  adiabatic  flow  forms 
the  complete  set  of  equations  governing  the  dynamics  of  the  disk. 

For  the  background  geometry  we  adopt  Schwarzschild  metric 


ds2 


c2  dr  + 


- 1 

dr2  -I-  r2(d02  +  sin2  0d(p2). 


(9) 


In  order  to  make  easy  comparison  with  the  corresponding  Newtonian  case,  we 
introduce  3-velocity  i f  by  ua  =  vau° /c  and  further  write  the  equations  in  terms  of  local 
Lorentz  frame  components  defined  by  the  orthonormal  tetrad  appropriate  to  the 
background  metric.  Thus  the  complete  set  of  equations  governing  the  dynamics  ot  the 
disk  is  given  by 
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(a)  the  momentum  equations 

Dv{r)  me 2 


(P  +  P/c  ) 


Dt 


+ 


1  _2m\  f v(6)2  +  v((p): 


n 


2 m\dp  v(r)  dp 
r  )  dr  +  c2  dt 


(10) 


Dvm +  ^  ^  2mycotg[-^^ 


r  j  r 

m 


2m  V  1  dp  v(0)  dp 
r  )  r  d6+  c2  dt 


'♦5 


+  _  3m  ^  +  f ,  _  2m  Y  —  „<*)„«» 


^  2m  Y  1  ap  t'(v)  dp 

r  I  r  sin  6  dtp  c2  dt 


(ID 


(12) 


(b)  the  continuity  equation 


2  mV2 


2m  M  1  d  ,  ,  ,  1 

r )  ?ar(ri  )  +  ^0 


—  (sin0r'<0))  +  — - 
cu  0<p 


Dt 


dt 


(13) 


(c)  the  baryon  conservation  equation 

,  ,  2m \H/  2m  V  1  a  ,  , .  1 


a  -  dv(<p* 
(sin  0  v<0))  +  — 
dv  dip 


Dn 

+  —  - 


n 


Dt  c  (p  +  p/c^) 


Dp  (  v2\dp 

wrV-M  =°- 


and 

(d)  the  adiabatic  equation 
~  (pn  y)  =  0, 


(14) 


(15) 


wherein 


and 


V2  =  f,r)2  -f-  f*®’2  y 


(16) 


2m  V  d  vm  d 


v"'  —  + 


+ 


ar  r  do  r  sin  0  d 


<P 


(17) 
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2.2  Steady  state 


While  the  above  equations  are  very  general,  we  impose  the  conditions  of  axi-symmetry 
and  further  that  r(0r)  =  0,  Vq  ’  =  0,  v{^]  =  v0  to  consider  the  steady  state.  The  equations 
governing  the  steady  state  are 


(18) 


cot  0  Vq  = 


?Po 
d0  ’ 


(19) 


which  connect  three  independent  variables.  One  immediately  finds  that  if  p0  =  0  then  6 
=  7r/2andi  o  =  (1  —  2m/r)~  lmc2/r  or  that  a  pressureless  disk  collapses^o  9  =  n/2  plane 
executing  Keplerian  motion.  Thus  a  non-zero  pressure,  necessarily  implies  a  structured 
disk. 

We  first  examine  the  situation  in  Newtonian  gravitational  field  (by  taking  the  limit 
c  ->  oo ).  The  steady  state  equations  are  relatively  simpler  in  structure  and  their  solutions 
have  been  obtained  for  a  density  distribution  of  the  type  p0  =  pcR\  as  given  by 


c 


A 

R1^ 


sin  k0. 


(20) 


^  =  p‘{~jzj  +  TRk  sinV,  +  e}- 

-j  =  pc  j-j— ~  +  A  In  (R  sin  0)  +  B  j-, 
=  Pc I  _  In  R  +  j  Rk  sin  k0  +  fil. 


when  l  ^  1,  k  ^  0, 
when  l  1 ,  k  =  0, 
when  /  =  1,  k  0, 


(21) 

(22) 

(23) 


where  /  and  k  are  constants  and  R  =  r/m.  A  and  B  are  two  dimensionless  constants  of 
integration,  which  can  be  determined  by  putting  the  boundary  condition  p0  =  0  at  the 
edges  R  =  a  and  R  =  b  of  the  disk  on  the  equatorial  plane  of  the  black  hole.  The 
solutions  obtained  above  are  physically  plausible  provided  p0  >  0  within  the  interior  of 
the  disk  and  goes  over  to  zero  at  its  boundary.  This  leads  to  a  constraint  that  k  <  1  —  1 
which  implies  that  the  azimuthal  velocity  v0  should  decrease  with  increasing  R. 

For  the  general  relativistic  case  we  obtained  the  solutions  of  steady  state  equations 
(18)  and  (19)  by  assuming  p0  to  be  constant  and  are  given  by 


/ Vq\2  _  A{  \  -2/R) 
\  c  J  R2  sin2  0 


(24) 


P  o 

c2  ~  P 0 


-  1 


R2  sin2  0 


-  1 


(25) 


The  condition  p0  >  0  within  the  interior  of  the  disk,  now  imposes  a  restriction  on  the 
inner  edge.  We  find  that  a  cannot  be  less  than  4  and  further 

b  >  if  4  <  a  <  6.  (26) 

a- 4’ 
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There  is  no  restriction  on  the  outer  edge  if  a  ^  6.  Figures  1  and  2  show  the  meridional 
section  of  the  disk  and  figures  3  and  4  show  the  profiles  of  velocity  and  pressure. 


3.  Stability  analysis 


3.1  Initial  value  equations  and  pulsation  equations 


We  consider  the  axisymmetric  perturbations  of  the  disk  as  discussed  above  and  use  the 
normal  mode  analysis  restricting  the  perturbations  to  linear  terms  only.  Defining  the 
Lagrangian  displacement  (a  =  r,  0)  through 


<5r(a) 


(27) 


where  <5  denotes  Eulerian  perturbations  and  the  time-dependence  of  all  the  perturbed 
variables  to  go  as  exp(/ar)  we  obtain  the  following  set  of  initial  value  equations  (after 
integrating  once  with  respect  to  time) 


+  v0  cot  6 


+ 


1  - 


9 


dp 


(r2<n  + 


1 


3 

c 


(sin  0<f) 


r  sin  0  dO 


(28) 


Flfwt  I.  Inner  portion  of  the  meridional  section  of  the  disk  for  b  =  100  and  for  various 
choices  of  e  fo.  general  relalivistic  (solid  curvesl  and  Newtonian  case  (dashed  curvesl 
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and 


Figure  2.  Meridional  section  of  the  disk  in  general  relativistic  (solid  curve)  and  in 
Newtonian  case  (dashed  curve)  for  a  =  4.1,  b  =  100. 
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c  (p0  +  p0\c2) 


d  C  d 

“  -  Yn  Wo 
dr  r  86 


zd 

+  7  eo>n 
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and  the  following  pair  of  pulsation  equations 


or  r  86 j 


(29) 


(30) 


(31) 


UP  o 

P  0  +  ^2 


I/t2 

\<J  Q  = 


(Po+^)?s1,0^'-(^+5) 

-SlS2^-dp  +  2S,V^^-Sv^\ 
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.2 
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2  »0 


c2  Cr 


(32) 
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and 


Figure  3.  Profiles  of  velocity  for  relativistic  (circles)  and  for  Newtonian 
the  equatorial  plane  for  a  =  4.1,  b  =  100. 


+  -  (^o  +  ^i^v'Si  cot ^ dp  +  ~ 


dp 

2 


(crosses)  disk  along 


wherein 


1  d 

r  d0 


dp +  2^,%^  — 

v  V  ee  r 


(33) 


(34) 


and  all  the  perturbed  variables 
with  (30)  yields 


represent  their  spatial  parts  only.  Equation  (29)  together 


Ap  An 

Po  4-  Po/c2  n0 

while  (31)  can  be  rewritten  as 


(35) 
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Figure  4.  Profiles  of  pressure  for  relativistic  (circles)  and  for  Newtonian  (crosses)  disks 
along  the  equatorial  plane  for  a  =  4.1,  b  =  100. 


in  terms  of  Lagrangian  perturbations  denoted  by  A.  Our  problem  is  to  solve  (32)  and 
(33)  as  eigenvalue  equations,  consistently  with  the  initial  value  equations  and 
appropriate  boundary  conditions.  At  the  edges  of  the  disk  we  need  the  boundary 
condition  A p  =  0,  which  is  satisfied  by  requiring  £a  and  its  derivatives  to  remain  finite 
everywhere. 

From  (29)  to  (31)  we  obtain 


ypo/c2  ^o2 
Po  +  Po/c2  c2 


ypo/c2 
Po  +  Po/c2 


Cdpo] 

r  d6  ) 


-yp  o 


^  Y  (r2^)  +  lb  (sin  0^e) 

r~  dr  r  sm  0  c6 


(37) 


Sp 


1  - 


yPo/c 


2  v2 
v0 


Po  +  Po/c2  c2 


*+5 


5.  S 


y/s[  S 


2  ,  (r^r)  +  ^  (sin  Qd0) 


r 2  dr 


r  sin  e  ee 


dr 


ypo/c 2  v 


_0 
2  „2 


Po  +  Po/c  c 


which  along  with  (28)  form  alternative  expressions  for  the  initial  value  equations. 
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3.2  Equation  for  o2 

Following  the  procedure  of  Chandrasekhar  and  Friedman  (1972a,  b),  we  multiply  the 
pulsation  equation  (32)  by  and  (33)  by  add  them  and  integrate  with  respect  to  r  and 
0  over  the  entire  region  of  the  disk  to  obtain  an  expression  of  the  form 


r 


P  0 


Po  +  ^t  ){£r£r  +  €°€0}r2  sin  6  dr  dO 


( 7)r 2  sin  6  dr  dO. 


J  J 


(39) 


Here  bf  and  bf  are  the  ‘trial  functions'  which  satisfy  the  same  boundary  conditions  as 
required  by  the  true  eigen-functions  bf  and  bf,  but  otherwise  completely  arbitrary.  We 
also  define  barred  variations  A p,  A p  etc.  as  obtained  from  the  initial  value  equations 
when  is  replaced  by  £a.  We  find  that  the  left  side  of  (39)  is  manifestly  symmetric  in 
barred  and  unbarred  variables.  By  performing  several  integrations  by  parts  and  using 
the  steady  state  equations,  initial  value  equations  and  the  condition  that  p0  =  0  at  the 
boundary,  we  bring  the  right  side  of  (39)  in  a  form  which  is  manifestly  symmetric  in 
barred  and  unbarred  variables.  Identifying  the  barred  variables  with  the  unbarred  ones 
we  get  an  equation  for  which  for  the  case  of  Newtonian  gravitational  field  is  given  by 
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where  £•  = 

I  he  right  side  of  (40)  has  been  written  as  the  coefficients  of  various  powers  of  y.  To 
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obtain  <r2 -equation  for  the  general  relativistic  case,  in  a  similar  form,  we  limit  ourselves 
to  the  situations  where 

}’PoA2  , 


(Po  +  PoA2)  c2 

and  also  we  impose  a  slightly  more  restrictive  boundary  condition  that  Sp  =  0  at  the 
boundary.  This  boundary  condition  is  fulfilled  for  any  which  is  zero  at  the  boundary. 
We  then  obtain  the  following  expression  for  a2  (using  (24)  and  that  p0  =  constant) 
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wherein 
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The  above  expressions  for  o~  imply  a  variational  principle  in  the  following  sense,  if  we 
evaluate  (40)  or  (4 1 )  by  two  trial  displacements  |a  and  ca  +  St3  such  that  the  variation  in 
o2  is  So 2  and  demand  that  the  variation  So"  in  o 2  is  zero,  then  it  amounts  to  solving  the 
original  set  of  eigen-value  equations  (cf:  Chandrasekhar  and  Friedman  1972b, 
Chakraborty  and  Prasanna  1982). 


3.3  Neutral  mode 

Using  the  equations  for  o2  as  obtained  above,  we  calculate  the  critical  value  yf,  of  the 
adiabatic  index  for  o2  =  0.  The  procedure  is  straightforward.  We  choose  trial  functions 
for  and  which  contain  several  adjustable  parameters  a,  P  ....  etc.  and  calculate  the 
integrals  numerically  which  appear  on  the  right  side  of  adequation,  as  being  the 
coefficients  of  various  powers  of  y.  If  Yj,  Y2  .  .  .  etc.  are  the  integrals  as  obtained  by 
numerical  integration,  we  have 
r  r 

a2  .  .  .  dR  d0  =  y,  +ycY2  +  y2Y}  +  .  .  .  (43) 

J  « 

Each  integral  F, ,  V2  .  .  .  etc.  contains  the  parameters  a,  p  .  .  .  etc.  which  can  be 
determined  by  extremising  (43)  with  respect  to  these  parameters.  With  these  values  of 
the  parameters,  we  determine  yf  from  (43)  by  putting  a2  =  0. 

For  the  case  of  Newtonian  gravitational  field,  we  choose  two  kinds  of  trial  functions 
(i)  with  fixed  boundary  i.e.  the  Lagrangian  displacement  <!;“  vanishing  at  the  boundary, 
and  (li)  with  non-stationary  boundary,  (i)  We  choose  a  function  q  which  vanishes  at  the 
boundary.  This  function  can  easily  be  chosen  from  the  form  of  p0.  Thus  for  the 
Newtonian  case,  corresponding  to  the  three  different  types  of  solutions  (47)  to  (49)  we 
choose 
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We  choose  <fa  as 

£r  =  q  +  aq2,  le  =  q  +  fiq2 


(45) 


and  determine  yc  by  extremizing  c2,  as  given  by  (40),  with  respect  to  a  and  /?  as  indicated 
above. 

(ii)  In  case  of  non-stationary  boundary  we  first  consider  the  case  of  radial 
perturbation  with  =  0.  The  equations  governing  such  radial  perturbations  are 
obtained  Irom  (27),  (37),  (38),  (33)  and  (34)  by  putting  =  0  and  taking  the  limit  c  -►  oo 
and  are  as  follows: 
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Using  the  initial  value  equations  (46)  to  (48)  in  (50)  and  assuming  £r  =  £r(r ),  we  obtain  a 
differential  equation 
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for  £r,  whose  solution  is  given  by 

A  ~  2y 

where  q  is  a  constant.  Using  this  solution  for  £r  in  (49)  we  get 
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For  the  special  case  of  ordinary  gas  with  y  =  5/3  the  above  equations  for  a”  reduce  to 
a  very  simple  form 
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m2a 2 
„2 
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3  ’ 


(56) 


showing  that  the  disks  are  stable  with  ‘local'  frequency  being  proportional  to  R  2,  2 
irrespective  of  the  other  parameters  like  /,  k ,  a  and  b.  The  function  <fr  takes  the  form  rjr 
for  y  =  5/3  which  is  exactly  the  form  as  used  by  Bisnovatyi  and  Blinnikov  (1972)  for 
analysing  the  stability  of  thin  gas  disk  against  expansion  and  contraction.  It  is 
interesting  to  note  that  the  frequency  obtained  above  is  also  the  same  for  the  radial 
oscillation  of  a  pressureless  disk  confined  to  0  =  n/2  plane  and  on  Keplerian  motion 
(non-relativistic)  with  t0  =  (MG/r)1  2,  as  may  be  seen  from  (46)  to  (49)  with  Sp  =  0. 

To  consider  the  axisymmetric  perturbation  with  non-stationary  boundary  we  choose 

lr  =  R  +  *q,ld  =  R+0q  (57) 

and  calculate  critical  value  yc  of  the  adiabatic  index  for  o2  =  0.  as  in  the  previous  case. 
Table  1  shows  the  values  of  critical  y  (denoted  by  yCj  and  respectively  for  the  cases  of 
fixed  and  non-stationary  boundaries)  for  various  values  of  /  and  k  and  for  a  =  4. 
b  =  100. 

As  we  have  used  the  boundary  condition  bp  =  0  to  obtain  (41)  for  the  general 
relativistic  case,  we  limit  ourselves  to  the  perturbations  with  fixed  boundary.  The 
function  q  for  this  case  is  chosen  as 

__1  R2\_B2(\-2/R)~1  -1] 

q  sin2  0  AB2  ’  (58) 


Table  I  Critical  values  of  y  for  neutral  stability  for  Newtonian  disk  with 
a  =  4  0,  b  =  100. 
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and  choosing  £a  as  in  (45),  we  determine  yc  for  the  neutral  stability  as  in  the  previous 
cases.  Table  2  indicates  the  values  of  yc  for  various  values  of  the  parameters  a  and  b.  The 
table  also  indicates  the  values  of  yc  for  the  corresponding  Newtonian  case. 

It  is  interesting  to  consider  the  radial  oscillations  of  a  pressureless  disk,  which  is 
governed  by 


<5r,v) 


dvo 

dr 


<r 


(59) 
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as  may  be  obtained  from  (28)  and  (32)  by  putting  =  0,  p0  =  0,  Sp  =  0.  Combining 
these,  we  get 

,  me2 

o  =  —4-  (r  —  6m)  (61) 

r 

which  shows  that  the  disks  are  stable  for  r  >  6m. 


4.  Discussion 

Profiles  of  the  steady  state  parameters — velocity  and  pressure,  as  a  function  of  radial 
distance  along  the  equatorial  plane  of  the  black  hole  is  presented  in  figures  3  and  4  while 
figures  1  and  2  show  the  meridional  section  of  such  disk  (solid  line  is  for  general 
relativistic  case  while  dotted  line  is  for  Newtonian  disk),  when  density  is  constant.  For 
the  Newtonian  disk  we  have  presented  the  case  referring  to  /  =  0,  k  =  —  2,  to  which  the 
general  relativistic  steady  state  solutions  reduce  to,  when  the  limit  c  -►  00  is  taken.  From 
figure  1  and  2  and  also  from  the  similar  plots  for  other  values  of  /,  A;,  a  and  b  (for 
Newtonian  disk),  we  find  that  the  disks  with  non-zero  pressure  and  thick,  occupying  a 
considerably  larger  volume  than  the  central  black  hole.  For  the  same  value  of  a  and  h,  we 
find  that  the  Newtonian  disk  occupies  more  volume  than  the  relativistic  one.  It  seems 
that  the  relativistic  disks  show  the  formation  of  cusp  at  the  inner  edge  specially  when  it  is 


Table  2  Critical  values  of  y  for  general  relativistic  and  Newtonian  disk. 
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near  4m.  For  the  Newtonian  disk,  pressure  at  any  point  is  higher  while  the  velocity  at  any 
point  is  lower  at  the  equatorial  plane,  than  for  the  relativistic  disk. 

For  the  Newtonian  disk  we  find  the  constraint  that  k  <  /  —  1  which  means  that  the 
velocity  should  decrease  with  increasing  R.  This  is  quite  reasonable  from  the  point  of 
view  of  balance  of  various  forces.  At  the  inner  edge  a  the  gravitational  force  is  stronger 
and  besides  the  pressure  gradient  forces  are  directed  towards  the  central  star.  Hence  the 
centrifugal  force  and  therefore  the  velocity  v0  must  be  higher.  Just  the  opposite  happens 
at  the  outer  edge  b. 

For  the  relativistic  disk  we  find  the  constraint  that  the  inner  edge  cannot  lie  inside  4m. 
Further  if  4  <  a  <  6,  b  >  2a/(a-4).  For  a  ^  6,  any  b  >  a  gives  rise  to  physically 
plausible  disks.  No  such  restriction  appears  in  the  Newtonian  formulations,  indicating  a 
pure  general  relativistic  origin  of  the  present  constraint.  This  is  consistent  with  the 
general  proof  given  by  Kozlowsky  et  al  (1978),  that  Rm  ^  Rmb. 

As  regards  the  onset  of  instability,  as  discussed  earlier  we  calculate  the  critical 
adiabatic  index  yc  for  o2  =  0  for  different  values  of  the  disk  parameters.  Tables  1  and  2 
indicate  that  yc  <  4/3  for  all  the  cases  that  we  considered  indicating  stable  configur¬ 
ations,  for  the  axisymmetric  perturbations  both  for  fixed  and  non-stationary  bound¬ 
aries  (for  Newtonian  disk.  Table  1 )  and  for  fixed  boundary  (for  general  relativistic  disk. 
Table  2).  In  calculating  yc,  for  the  general  relativistic  disk,  we  have  used  the 
approximation  (i'l/c2)(p0/c2)/(p0  +  p0/c2)  1  which  is  quite  justified  from  the  values 

of  v0/c  and  p0  c2  as  we  obtained.  There  is  a  qualitative  agreement  between  the  yc 
calculated  for  relativistic  and  for  the  corresponding  New  tonian  disks  (table  2).  In  these 
calculations,  although  the  inner  and  outer  radii  a  and  b  are  the  same,  the  regions 
occupied  by  the  disks  in  the  two  cases  are  not  the  same.  In  general.  Newtonian  disks  are 
thicker  (figures  1  and  2).  We  find  from  the  numbers  that  yc  depends  upon  the  size  of  the 
disk.  In  the  calculations  of  yc,  the  effects  due  to  general  relativistic  corrections  and  that 
due  to  the  difference  in  sizes  have  contributed  simultaneously  and  therefore  the 
agreement  between  the  general  relativistic  yc  and  the  Newtonian  yc  is  no  better  than  a 
qualitative  one.  It  does  not  seem  to  be  possible  to  separate  the  contributions  from 
different  effects  in  the  present  formulation. 

l  or  the  case  ot  radial  perturbations  we  have  found  that  an  ordinary  perfect  fluid 
(y  =  5  3)  disk  is  stable  with  the  local  frequency  (A/G/r3)1/2  in  the  Newtonian 
formulation  (Kato  and  f  ukue  1980,  and  Cox  1981,  have  also  considered  local  and 
quasi-radial  oscillations  of  a  thin  gaseous  disk  in  Schwarzschild  background,  when 
Po<  Po?2)- 


for  a  pressureless  thin  disk  collapsing  to  0  =  n/2  plane  we  found  that  the  disk  is 
stable  under  radial  perturbation  if  the  inner  edge  is  beyond  6m  (general  relativistic  case) 
with  local  frequency  [mc2(r  -  6 m)/r4] 1  Now  since  a  pressureless  fluid  is  essentially  an 
aggregate  of  non-interacting  particles,  the  above  result  can  be  regarded  as  an  alternative 
derivation  of  a  well-known  result  that  the  last  stable  circular  orbit  for  Schwarzschild 
geometry  is  at  6m.  A  pressureless  thin  disk  in  Newtonian  formulation  is  stable  under 
radial  oscillations,  for  all  values  of  r,  with  local  frequency  (AfG/r3)1/2 

The  general  conclusion  that  the  perfect  fluid  thick  disk  is  constant  density  and 
rotating  around  a  stationary  black  hole,  are  generally  stable,  may  have  important 
significance  in  the  study  of  the  models  of  accretion  disks  for  the  high  energy  sources 
(>wc\cr.  it  is  very  important  to  note  that  the  complete  discussion  of  the  disk  dynamics 
would  require  the  inclusion  of  self-consistent  electromagnetic  fields  as  well  as  the 
dissipative  forces  like  viscosity  and  radiation  pressure. 
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Discussion 

A.  R.  Prasanna:  I  think  it  is  significant  to  point  out  the  possibility  of  cusp  formation  in 
the  case  of  thick  disks. 

D.  K.  Chakraborty:  As  the  detailed  analysis  shows  for  the  structure  of  the  steady  state 
disk,  in  the  Newtonian  formulation  the  inner  edge  appears  smooth,  whereas  with  the 
General  relativistic  formulation,  the  inner  edge  shows  the  development  of  a  cusp.  This 
cusp  could  be  the  mouth  of  the  funnel  that  one  talks  about  for  feeding  material  to  the 
black  hole  from  the  disk. 


§  IV.  CLASSICAL  COSMOLOGY 


INTRODUCTION 

Whereas  use  of  Einstein’s  theory  of  general  relativity  (gr  )  to  understand  astrophysical 
phenomena  dates  back  to  early  sixties,  the  application  of  the  theory  to  understand  the 
overall  picture  of  the  universe  began  almost  with  the  theory  itself.  What  are  now  termed 
as  standard  cosmological  models  were  first  discussed  by  Friedman  way  back  in  early 
twenties.  As  a  matter  of  fact,  before  the  epoch-making  astronomical  discoveries  of 
quasars,  pulsars  and  the  microwave  background  radiation,  the  only  area  in  which  gr 
showed  any  potentiality  of  breaking  new  ground  was  cosmology.  Several  alternate 
(non-Einsteinian)  theories  were  also  proposed  during  this  period  to  explain  the  rather 
meagre  observational  data  on  the  universe  as  a  whole.  However  with  the  development 
of  new  branches  of  astronomy — radio  astronomy,  x-ray  and  y-ray  astronomy — the 
observational  data  on  the  universe  as  a  whole  increased  considerably  and  at  present  the 
standard  cosmological  models  based  on  gr  have  come  to  be  regarded  as  very  effective 
models  to  describe  the  overall  properties  of  the  universe. 

A.  K.  Raychaudhuri  in  his  paper  discusses  how  the  standard  cosmological  models 
give  a  satisfactory  description  of  the  observed  universe.  He  also  points  out  several 
factors  and  difficulties  on  the  basis  of  which  some  cosmologists  demand  a  drastic 
revision  of  standard  models.  We  thus  find  in  his  paper  a  balanced  fare  for  the 
participants  of  the  Workshop  to  form  their  own  judgement  on  these  issues. 

The  space-time  geometry  of  the  standard  models  is  given  by  the  Robertson  Walker 
metric  which  exhibits  spherical  symmetry  round  every  point.  But  gr  permits  a  vast 
variety  of  non-spherical  models  which  have  been  studied  and  classified  by  Bianchi. 
These  models  are  homogeneous  but  not  isotropic.  M.  A.  Melvin  in  his  paper  discusses 
certain  Bianchi  type  universes  which  can  describe  axially-symmetric  cosmologies  or 
skew-axial  cosmologies.  These  cosmologies  have  potential  application  in  explaining 
large-scale  electromagnetic  fields  pervading  cosmos. 

On  the  other  hand  even  in  standard  isotropic  and  homogeneous  cosmological 
models,  one  must  be  able  to  describe  the  local  inhomogeneities  like  clusters  and  super- 
clusters.  Using  the  standard  model  as  the  background,  P.  C.  Vaidya  in  his  paper 
develops  a  scheme  for  describing  the  field  of  a  rotating  system.  Thus,  in  the  follow  ing 

articles  we  find  a  balanced  presentation  of  some  of  the  present-day  problems  of 
cosmology. 


Ill 
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Controversies  are  familiar  in  science,  indeed  one  may  say  that  an  essential  ingredient  in 
the  progress  of  science  is  a  conflict  of  ideas.  Unfortunately,  in  cosmology,  controversies 
linger  on  for  years  without  showing  any  sign  of  resolution — this  has  led  to  a 
polarization  where  cosmologists  of  different  schools  seem  to  have  developed  a 
passionate  attachment  to  particular  viewpoints.  Thus,  on  one  hand  there  is  the  group, 
comprising  perhaps  the  overwhelming  majority  of  the  researchers  in  the  field,  who 
think  that  standard  cosmological  models  give  an  extremely  satisfactory  description  of 
the  observed  universe — they  cite  the  fact  that  while  red  shift  observations  have  been 
extended  to  large  values  of  the  parameter  z,  the  data  all  fit  in  with  the  Hubble  diagram; 
besides,  the  microwave  background  radiation  and  the  abundances  of  light  nuclei  have 
brought  in  striking  support  to  these  models  from  somewhat  unexpected  quarters. 
Recently,  thanks  to  gut,  the  baryon-antibaryon  asymmetry  has  also  been  apparently 
explained  in  terms  of  the  conditions  of  the  early  universe  of  big  bang  models. 

There  are  others,  however,  may  be  a  minority,  who  with  considerable  force  point  out 
numerous  factors  which  demand  some  drastic  modifications  of  standard  ideas  if  not  an 
outright  rejection.  The  purpose  of  the  present  paper  is  to  pinpoint  these  ‘difficulties’ 
and  try  to  assess  in  as  dispassionate  a  manner  as  possible  how  far  these  can  be 
reconciled  with  the  standard  models. 

It  is  imperative  that  we  should  spell  out  first  of  all  what  is  meant  by  standard 
cosmology.  The  essential  basis  of  standard  models  are  the  following  assumptions: 

(a)  General  relativity  (gr)  is  the  correct  theory  of  gravitation  at  all  stages  of  the 
universe. 

While  a  change  in  the  formal  structure  or  ideas  of  gr  at  the  level  of  Planck  length  and 
at  extremely  high  densities  may  seem  almost  inevitable,  as  yet  nothing  definite  has 
emerged  so  far  and  hence  the  assumption  of  validity  of  gr  at  all  stages. 

(b)  The  Riemannian  geometry  of  the  universe,  as  brought  in  by  assumption  (a), 
admits  a  six-parameter  group  of  motions,  the  orbits  of  the  group  being  three 
dimensional  spacelike  hypersurfaces.  In  physical  language  the  universe  is  assumed  to  be 
isotropic  and  homogeneous— i.e.  the  cosmological  principle  holds  good. 

(c)  The  energy  stress  tensor  is  of  the  form 

rik  =  (P  +  PKwk-p0lk, 

where  u'  is  a  unit  timelike  vector  and  p  ^  0,  p  >  0.  p  ^  p/3. 

Assumption  <c)is  somewhat  less  standard-assumptions  (a)and  (b)togethcr  severely 
restrict  the  form  of  the  tensor  7*  so  that  (c)  is  to  some  extent  redundant.  Further  one 
sometimes  introduces  a  cosmological  term  which  may  be  looked  upon  as  an  energy 
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stress  ot  vacuum  not  obeying  the  restrictions  spelt  out  in  (c).  Apparently  violations  of 
assumption  (c)  lies  on  the  frontier  of  standard  cosmology. 

With  these  assumptions  we  are  led  to  the  Friedmann  (or  Robertson-Walker)  line 
element: 


d.v2  =  dr2  — 


R 


(dr2  -l-  r2  d 02  +  r2  sin2  0d</>2), 


(1  +kr2/4)2 
with  k  =  0,  ±1,  and  the  equations 
$np  k  R2 


(1) 


3 


R2  R2  ’ 


Or, 


k  R2  2  R 

—  87 ip  —  - r-  H - —  -\ - 

R2  R2  R 


«=-4n(P  +  P- 


(2) 

(3) 


(4) 


The  first  confrontation  with  observation  comes  from  the  existence  of  clusters  and 
superclusters  of  galaxies  constituting  a  distinct  departure  from  the  homogeneity  built 
in  the  metric  (1).  Thus  there  arises  a  pressing  need  for  a  modified  metric  which  on  the 
one  hand  will  accommodate  the  observed  inhomogeneities  and  will  also  be  consistent 
with  (1),  i.e.  the  overall  homogeneity  of  the  universe  at  large.  Such  metrics  are 
apparently  not  difficult  to  construct — the  possibility  was  explored  by  Einstein  himself 
in  a  paper  co-authored  with  Strauss.  More  elaborate  investigations  have  been 
undertaken  by  a  host  of  researchers — McVittie,  Bonnor  and  Vaidya  to  name  a  few 
(Vaidya  incorporates  the  possibility  of  rotation  of  the  localised  irregularities).  However 
if  one  goes  into  details,  no  satisfactory  solution  has  been  found  so  far — thus  Bonnor 
(1972)  failed  to  accommodate  a  density  variation  p  oc  r~ 1,7  (given  by  de  Vaucouleurs, 
1971)  for  r  from  10"  to  102"  cm  and  the  observed  red  shift-luminosity  relation  in  any 
spherically  symmetric  metric. 

Observationally,  one  attempts  to  determine  R(t)  from  the  red  shift  formula 


R 


1  = 


(5) 


where  r  is  the  coordinate  position  of  the  emitting  object  and  we  are  considered  to  be  at 
the  origin  of  coordinate  system  and  the  subscript  zero  indicates  the  epoch  of 
observation  (i.e.  the  present).  For  small  enough  values  of  r,  it  is  usual  to  write 


This  linear  relation,  called  the  Hubble  law,  is  one  of  the  cornerstones  of  standard 
cosmology  and  is  usually  believed  to  be  supported  by  observations.  However  recently 
Nicoll  and  Segal  (1978a,  b)  have  claimed  to  have  obtained  a  better  agreement  with  a 
quadratic  relation  z  oc  r2.  From  an  analysis  of  the  data  up  to  z  ~  4,  Nicoll  and  Segal  find 
a  satisfactory  agreement  with  their  theoretical  formula  (a  formula  derived  from  Segal’s 
chronometric  cosmology— a  non-standard  theory): 


m  =  2-5  log  z  -  2-5(2  -  a)  log  ( 1  +  z)  +  M, 


(7) 
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where  m  is  the  apparent  magnitude  of  an  object  of  absolute  magnitude  M  and  showing 
a  red  shift  z.  (a  is  the  spectral  index).  For  standard  cosmology  however  the 
corresponding  formula  is 

m  =  5  log  z  4-  1  086(1  -  g0)z  -  5  log  H0  -  5  +  M,  (8) 

where  g0  =  -  [(R/ R)/(R/ R)2]0  is  the  so-called  deceleration  parameter.  The  coefficients 
2  5  and  5  of  log  z  in  (7)  and  (8)  correspond  to  quadratic  and  linear  law  respectively. 

If  we  accept,  at  least  provisionally,  the  Nicoll-Segal  analysis  as  correct,  can  we 
accommodate  a  quadratic  law  in  standard  cosmology?  A  look  at  (5)  shows  that  if  H0 
=  (R/R) o  be  vanishingly  small  so  that  the  first  term  on  the  right  no  longer  dominates, 
we  shall  have  a  quadratic  relation.  A  little  calculation  using  H0  =  0  gives 


m  =  2*5  log  z  —  5  log 


R 

R 


+  M  —  const, 
o 


Thus  the  coefficient  2-5  is  recovered  and  one  may  evaluate  (R/R) 0  from  the 
observational  data.  Of  course  whether  this  approach  will  work  will  depend  on  the  value 
of  the  age  of  the  universe  that  (R/R)0  leads  to.  Indeed  we  consider  the  agreement,  so  far 
as  the  order  of  magnitude  is  concerned,  between  the  age  of  the  universe  Hq  *)  and 
the  estimated  ages  of  galaxies  and  other  astronomical  bodies  a  remarkable  result  of 
standard  cosmology.  Whether  this  agreement  will  survive  in  the  new  viewpoint  remains 
to  be  seen.  However  the  following  may  be  noted: 

(a)  The  idea  that  we  are  at  the  epoch  R  %  0  combined  with  the  observed  red  shift 
directly  leads  to  the  result  k  =  +  1  i.e.  the  universe  is  closed  but  it  may  not  necessitate  a 
search  for  ‘missing  masses’  if  (R/ R)0  turns  out  to  have  such  a  value  that  the  density 
determined  from  (4)  is  of  the  same  order  of  magnitude  as  the  observed  density  of 
luminous  matter. 

(b)  There  may  not  arise  any  difficulty  so  far  as  the  nucleo-genesis  in  the  early 
universe  is  concerned. 


(c)  If  really  we  are  at  present  at  the  epoch  of  maximum  R,  then  it  is  a  strange 
coincidence  requiring  some  sort  of  explanation. 

Leaving  the  Nicoll  Segal  analysis,  we  go  to  another  aspect  of  observations  on  red 
shift.  Standard  cosmology  requires  R  to  be  a  smooth  function  of  time  and  hence  one 
would  expect  z  to  vary  smoothly  with  distance  of  the  emitter,  being  uniquely 
determined  by  the  value  of  r.  According  to  some  astronomers  this  is  not  so  always — 
they  claim  to  have  found  objects  which  are  close  together  but  show  significantly 
different  red  shifts.  Our  first  reaction  may  be  that  these  are  due  to  peculiar  velocities  but 
the  facts  of  the  situations  make  this  explanation  hardly  tenable.  One  may  also  imagine 
some  serious  departure  from  homogeneity  bringing  in  sharp  peaks  in  the  R  -  t  curve 
but  that  again  is  not  easily  reconcilable  with  the  general  theory  of  relativity.  The 
protagonists  of  standard  cosmology  just  dismiss  this  so-called  anomalous  red  shifts  as 
cases  of  wrong  interpretation  but  that  again  has  been  firmly  contradicted  by  the  other 
•chool.  To  us  it  seems  that  there  is  a  problem  and  no  solution  even  going  beyond 
standard  cosmology  is  in  sight. 

Let  us  next  consider  the  problems  associated  with  the  microwave  background 
radiation  A  close  examination  of  the  data  has  revealed  that  there  is  a  large  angle 
anisotropy  which  is  principally  of  the  cost)  form  (i.e.  a  first  order  spherical  harmonic) 
and  thus  can  be  explained  as  a  peculiar  velocity  of  ourselves.  One  would  then  expect  a 
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corresponding  anisotropy  eflect  in  the  red  shitt  as  well.  While  an  anisotropy  in  the  red 
shifts  has  indeed  been  observed  (Rubin-Ford  effect)  the  two  anisotropies  are 
apparently  uncorrelated  as  the  directions  of  the  peculiar  velocity  calculated  from  the 
two  sets  of  data  are  nearly  at  right  angles.  One  may  put  forward  a  sort  of  explanation  by 
hypothising  abnormal  peculiar  velocities  of  our  neighbouring  superclusters  but  that 
seems  hardly  convincing.  Apparently  one  has  to  construct  a  model  which  allows  the  red 
shift  and  the  microwave  background  radiation  to  have  different  types  of  anisotropy  but 
such  models  remain  to  be  put  forward. 

Recent  observations  have  revealed  that  there  is  a  quadrupole  component  in  the 
anisotropy  of  the  microwave  background  radiation,  although  perhaps  of  smaller 
magnitude  (Fabbri  et  al  1980;  Boughn  et  al  1981) — the  likely  amplitude  is  perhaps 
about  0.7  mK.  This  would  apparently  require  a  tensor  field  and  indeed  a  non-vanishing 
vorticity  of  the  universe  may  give  rise  to  a  quadrupole  term  in  the  anisotropy.  The 
expected  amplitude  in  this  case  would  be  (Florak  1979) 

j  _  7*00)5(1  +  z)4 
2  “  8Hq(1  +2</0c)’ 

where  c o0  is  the  present  value  of  the  vorticity  and  z  corresponds  to  the  last  scattering 
surface  of  the  radiation.  As  the  value  of  </0  is  very  much  uncertain  and  the  estimate  of  z 
also  is  just  plausible,  the  above  formula  may  not  lead  to  any  definite  value  of  the  present 
vorticity.  But  if  this  hypothesis  is  correct,  the  very  existence  of  vorticity  would 
contradict  the  isotropy  assumption  of  standard  cosmology  and  thus  make  the 
Friedmann  metric  inapplicable.  It  would  also  contradict  the  Mach  principle  as  is 
commonly  understood  and  thus  rock  the  theories  which  profess  to  be  based  on  that 
principle.  Again  there  have  been  attempts  to  attribute  the  quadrupole  anisotropy  to 
local  causes  e.g.  the  nonhomogeneity  in  the  mass  distributions  of  the  galctic  clusters 
(Peebles  1981). 

Some  recent  observations  have  revealed  a  very  disturbing  feature  in  the  distribution 
of  energy  amongst  different  frequencies  in  the  microwave  background  radiation 
(Woody  and  Richards  1979;  Gush  1981).  Standard  cosmology  considers  this  radiation 
to  be  a  relic  of  the  big  bang  which  has  cooled  down  to  its  present  temperature  due  to  the 
expansion  of  the  universe.  Thus  the  originally  thermalised  radiation  should  preserve  its 
character  and  hence  the  energy  distribution  curve  should  be  Planckian  with  possible 
slight  departures  due  to  the  action  of  intervening  matter  like  inverse  Compton 
scattering.  These  would  make  the  radiation  relatively  richer  in  high  frequency  quanta. 
However  recent  observations  indicate  that  while  there  is  the  typical  hump  of 
thermalised  radiation,  the  distribution  does  not  fit  in  detail  with  the  Planckian  curve  at 
any  single  temperature  and  more  surprisingly  the  low  frequency  quanta  are  relatively 
richer.  It  has  been  suggested  that  the  radiation  is  indeed  a  superposition  of  thermal 
radiations  at  two  different  temperatures — one  of  the  components  being  the  relict 
radiation  ( Alexanian  and  Grinstein  1 980)  but  this  explanation  is  hardly  consistent  with 
the  ideas  of  standard  cosmology.  It  is  too  early  to  say  how  these  anomalous  distribution 
will  ultimately  be  understood. 

The  last  problem  from  the  observational  side  that  we  shall  refer  to  comes  again  from 
the  observation  of  red  shifts.  One  can  hope  to  determine  the  deceleration  parameter  q0 
from  observations  of  red  shifts  if  these  extend  to  sufficiently  large  values  of  z.  However 
there  are  troublesome  points  to  be  considered  and  for  large  z,  the  most  uncertain  is  the 
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question  of  possible  galactic  evolution.  One  cannot  thus  get  the  value  of  q0  with 
reliability — nevertheless  the  present  general  belief  is  towards  a  low  value  of  g0  and  quite 
a  number  of  researchers  consider  that  the  data  lean  towards  a  negative  value  of  q0. 
However  from  (4)  with  the  pressure  and  density  non-negative,  a  negative  value  of  q0 
would  be  inconsistent  with  standard  cosmology.  The  minimum  violence  to  standard 
cosmology  which  may  bring  reconciliation  with  a  negative  q0  is  the  re-introduction  of 
the  cosmological  term.  More  revolutionary  will  be  the  consideration  of  negative  energy 
density  and/or  negative  pressure. 

So  far  we  have  discussed  the  confrontation  between  observations  and  the  expec¬ 
tations  from  standard  cosmological  models.  The  attitude  of  some  of  the  proponents  of 
standard  cosmology  is  to  follow  Eddington’s  advice  ‘if  there  is  a  disagreement  between 
your  theory  and  experiment,  disbelieve  the  experiment’.  Indeed  the  nature  of 
observations  in  cosmology  gives  ample  scope  for  such  an  attitude.  One  may  recall  that 
for  over  two  decades,  cosmologists  were  puzzled  by  the  discrepancy  between  the  so- 
called  age  of  the  universe  and  the  ages  of  the  earth  and  other  astronomical  bodies  and 
then  it  turned  out  that  the  astronomers  have  all  the  time  proceeded  on  a  wrong  basis  and 
thus  underestimated  the  age  of  the  universe  by  a  factor  of  ten;  all  the  headache  was 
without  any  reason. 

However  there  are  difficulties  at  a  theoretical  level  as  well  and  these  cannot  be  just 
wished  away.  Foremost  amongst  these  is  the  singularity  problem.  Thanks  to  the  very 
powerful  theorems  of  Hawking  and  Penrose,  it  is  now  clear  that  this  is  not  a  problem  for 
standard  cosmology  in  particular  but  a  problem  of  classical  theory  of  gravitation  itself. 
Whether  a  quantum  theory  of  gravitation  will  give  us  singularity  free  cosmological 
models  remains  to  be  seen. 

Another  vexatious  problem  is  a  rather  philosophical  one  and  is  connected  with  the 
existence  of  horizons  in  standard  cosmological  models.  Choosing  f  =  0  at  the  instant  of 

the  big  bang  singularity,  we  have  for  any  signal  starting  from  r  =  0  at  t  =  0  and  reaching 
r  at  time  t 


r  r 


dr 


o  (1  +kr2/ 4) 


df 
R  ' 


As  t  ->  0,  let  us  suppose  R  -  t\  then  from  (4)  we  get 

47r(^  +  f)= 

so  that  with  p,  p  ^  0, 0  <  a  <  1 .  Thus  jQ'  dt/R  converges  to  a  finite  limit  and  hence  there 
can  be  a  causal  connection  between  two  points  at  any  time  t  only  if  these  points  lie  at  a 
limited  distance  apart  But  there  is  an  isotropy  of  the  microwave  background  extending 
over  large  angles  which  is  understandable  only  if  those  regions  of  the  last  scattering 
surface  from  which  this  radiation  is  coming  had  an  opportunity  of  communication  prior 
to  ihe  scattering  of  the  radiation  But  a  simple  calculation  show  s  that  these  regions  were 
yond  thar  hoHzons  at  that  epoch.  Again  one  way  of  escaping  from  this  difficulty 
would  be  to  introduce  negative  energy  such  that  horizons  are  abolished. 

Right  now  considerable  theoretical  activity  is  going  on  in  exploring  the  possible 
impac  tof  the  grand  unified  theory  (gut)  on  cosmology.  Indeed  apparently  some  of  the 
difficulties  may  find  a  solution  in  the  light  of  gut.  Thus  according  to  this  theory  at  very 
ig  cmperatures  there  is  a  spontaneous  symmetry  breaking  which  brings  in  an  energy 
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stress  tensor  associated  with  vacuum.  As  the  vacuum  recognizes  no  preferred  coordinate 
frame,  the  energy  stress  tensor  must  have  a  form  which  remains  invariant  under 
arbitrary  coordinate  transformations.  Such  a  tensor  has  to  be  a  scalar  multiple  of  the 
Kroenecker  tensor  i.e.  the  vacuum  energy  stress  tensor  is  of  the  form  T[  =  — thus 

the  vacuum  supplies  a  term  which  may  camouflage  as  a  cosmological  term.  However 
unlike  the  cosmological  term,  vacuum  interchanges  energy  with  the  cosmic  material, 
hence  A  may  not  be  a  constant  but  satisfy  the  conservation  relation 

[A'^  +  (7^)mat];i  =  0  or  A'k  =  ~{T'k)j. 

Ideally  the  phase  change  may  occur  sharply  at  the  critical  temperature  and  one  would 
then  have  A'  =  0  for  T  >  7  o  and  A 1  j=  0  for  7  <  T0.  However  as  in  other  phase  changes 
ot  first  order,  there  may  be  supercooling  and  a  stage  of  metastable  equilibrium  and  this 
may  have  very  intriguing  consequences  in  cosmology.  However  all  these  are  in  a  highly 
speculative  stage  right  now.  In  fact  the  value  of  A'  is  also  to  some  extent  uncertain  but  it 
appears  to  have  a  value  much  above  what  is  considered  to  be  the  allowable  limit  from 
observational  data.  Thus  A'  may  be  about  10so  times  the  presently  believed  matter 
density.  Thus  we  run  into  a  contradiction.  Just  as  more  than  half  a  century  ago  Einstein 
introduced  a  cosmological  term  to  save  cosmology  from  an  apparent  difficulty,  the 
protagonists  of  gut  are  proposing  the  artificial  suggestion  that  besides  the  vacuum 
energy  term  there  is  also  a  truly  cosmological  term  A  <5*  with  constant  A,  such  that  at  the 
present  epoch  A  +  A'  is  a  small  quantity  whose  value  lies  within  the  observationally 
determined  bounds.  However  a  cancellation  of  two  large  terms  none  of  which  are 
directly  observable  needs  an  explanation  but  none  seem  to  be  forthcoming  so  far  ( Recall 
for  a  moment  the  importance  that  Dirac  gave  to  the  agreement  between  large  non- 
dimensional  numbers)  Be  that  as  it  may,  if  you  are  willing  to  accept  the  idea,  then  before 
the  symmetry  breaking  i.e.  in  the  very  early  universe  there  was  no  vacuum  energy  and 
hence  the  cosmological  term  A<5k  remained  uncancelled.  Thus  the  following  evolution  of 
scenario  seems  not  impossible: 

(i)  In  the  earliest  universe  following  the  big  bang  when  the  radiation  and 
ultrarelativistic  particles  dominate  over  the  cosmological  term,  one  has  the  usual 
relation  R  ~  tl  2  as  in  standard  cosmology. 

(ii)  In  the  next  epoch  the  cosmological  term  dominates  over  the  material  energy 
tensor  and  one  has  the  de  Sitter  behaviour  R  ~  exp  A1  2t.  If  this  stage  persists  for 
sufficiently  long  time,  the  horizons  are  abolished.  This  occurs  in  the  stage  T  >  T0. 

(iii)  Below  the  temperature  T0,  the  cancellation  of  the  true  cosmological  term  and  the 
vacuum  energy  term  occurs  and  we  have  again  the  same  behaviour  as  in  standard 
cosmology. 

What  we  would  like  to  emphasise  is  that  in  these  discussions,  isotropy  has  invariably 
been  assumed  and  the  only  success  claimed  is  that  a  logical  consistency  made  plausible. 
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The  assumption  of  “historical  homogeneity"— or  the  persistence  of  spatial  homo¬ 
geneity  in  time — leads  to  the  synchronous  (time-orthogonal)  form  ds2  =  —  dr 
+  yAB{t)  fa®  £b,  of  the  metrics  for  general  spatially  homogeneous  (Bianchi) 
cosmologies.  The  f.a  are  group-representation  1 -forms  associated  with  the  spatial 
symmetry  group  of  the  given  cosmology,  and  are  independent  of  any  particular  space- 
time  theory;  in  particular  they  do  not  depend  on  Einstein's  equations  and  the  local 
physics.  Expressions  for  the  e 4  in  the  canonical  basis  used  by  Estabrook.  Wahlquist,  and 
Behr  (ewb)  have  been  tabulated  in  two  earlier  papers  (Melvin  and  Michalik  1980; 
Michalik  and  Melvin  1980).  Explicit  expressions  for  the  scale  factors  yAB(t)  were  also 
derived.  These  correspond  to  the  choice  of  the  canonical  basis  to  describe  the  symmetry 
but.  in  contrast  to  the  £4,  they  also  depend  on  the  space-time  physical  theory.  Here  the 
yAB(t)  come  out  as  observable  geometric-kinematic  quantities  (generalized  Hubble 
constants)  which  also  appear  in  the  solutions  of  Einstein's  equations  for  a  given 
cosmology.  Central  to  the  discussion  is  the  matrix  C(r)  which  relates  the  time- 
independent  canonical  basis  describing  the  symmetry  to  a  time-dependent  ortho- 
normalizing  basis.  With  the  imposed  requirement  that  the  Riemannian  geometry  of  the 
evolving  spatial  hypersurfaces  retain  its  quasi-canonical  form  in  time  (“quasi-canonical 
gauge")  it  has  been  shown  that  C (t)  is  a  product  of  a  diagonal  matrix  D  and  a  rotation 
matrix  R:  and  a  table  of  these  forms  of  C  (t)  for  the  various  Bianchi  types  was  given.  The 
simple  Hubble-parameter  expressions  for  the  metric  scale  factors  }’4B(f)  for  all  types 
come  solely  from  the  diagonal  factor  D  in  C.  The  metric,  then,  in  all  cases  takes  the  form 

d.s2  =  -dr2  +y abfa®fb  =  —  dr2  +  (e’/a)2  T  {eu/p)2  -f  (e,n/y)2. 

The  sole  three  Hubble-parameters  appearing  are  given  by 

y.  =  exp  (  -  jsj  dr)  =  exp  ( -  ax ), 

P  =  exp  (-  js2dr)  =  exp  (-<r2), 
y  =  exp  ( -  j s3  dr)  =  exp  ( -  <r3 ), 

where  s, ,  s2  and  s3  are  the  diagonal  elements  of  the  rate-of-strain  (extrinsic  curvature) 
matrix. 

There  are  three  Lie  algebra  parameters  a0,  b0,  c0  or  a0,  h0,  n0  determining  the 
symmetry  type  of  the  Bianchi  cosmology.  The  intrinsic  geometry  of  the  spatial 
hypersurfaces  in  Bianchi  cosmologies  depends  solely  on  three  parameters  a .  />,  c  (non¬ 
vector  type)  or  a,  b,  n  (vector  type)  which  are  time  evolvents  of  a0,  b0,  c0  or  n0. 

The  equations  governing  the  evolution  of  a .  b,  c  or  n,  b.  n  are 

^  “  (si  ~ s2~s)°  b  —  (s2  —  s  —  sx)b  c  =  (s  —  s,  —  s2 )c 

n=  -sn  (s  =  .s,)( 
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or 


a  —  a0  exp  (ax—a2  —  a),b  =  b0  exp  (o2  —  a  -  or , )  c  =  c0  exp  (a  —  ax—a2) 

n  =  n0  exp  (  —  a)  (a  =  cr3). 

The  Ricci  curvature  tensor,  which  represents  the  principal  Gaussian  curvatures  of  the 
spatial  hypersurfaces,  is  given  by 

/R  —  4n24-2aA  n(b  —  a)  0 

(3)Rlk=  l  n(b-a)  R-4n2  +  2bB  0 

0  R  —4m2  +  2c  D 

where  the  Ricci  curvature  scalar  is 

(3)R  =  6 n2  +  }  (a2  -f  b2  +  c2 )  —  (be  +  ca  +  ab), 
and  the  abbreviations  A,  B  and  D  have  been  introduced: 

A  =  j(b  +  c  —  a),  B  =  \(c  +  a  —  b),  D  =  \(a  +  b  —  c). 

We  follow  the  convention  on  the  Riemann  and  Ricci  tensors  which  makes  them 
represent  the  negatives  of  the  physical  curvatures  as  can  be  seen  from  the  geometrical 
interpretation  of  (3)Rlfc  originally  given  by  Herglotz  in  1916. 

The  terms  “axial”,  or  “skew-axial”,  refer  to  rotational  symmetry,  or  a  systematic 
deviation  from  rotational  symmetry,  about  the  third  direction.  Formally  the  axial  case  is 
obtained  by  setting 

b  =  a  (implying  s2  =  sx )  Axial, 
and  the  Skew-axial  case  by  setting 

b=—a  (implying  s2  =  s, )  Skew-axial. 

The  possible  Axial  cosmologies  occur  in  the  two  type-categories,  non-vector  and 
vector. 


Axial  Non-vector:  I  VII:  (3)Rik  =  0  Flat 

/  2 a  —  c  0  0 \ 

VIII,  IX:  —(3)Rik  =  ^  J  0  2 a-c  0). 

2 \  0  0  cj 

In  type  VIII,  c,  following  c0,  is  negative  at  all  times  and  the  two  transverse  physical 
curvatures  (directions  1  and  2)  are  negative  whereas  the  third  is  positive.  In  type  IX  c  is 
positive  and  the  physical  Ricci  curvature  tensor  takes  the  form 

/  2e2(<J'-a)- 1  0  0\ 

-i3)Rik  =  Wa\  0  2e2(ff|  _<T)  —  1  0), 

V  0  0  '/ 


so  that  as  long  as  c  <  2a  ora- a  x  <  In  v/2  the  physical  curvatures  are  all  positive.  If  the 

excess  over  longitudinal  of  transverse  relative  strain  rate  is  greater  than  lnv/2  the 
situation  is  similar  to  that  of  type  VIII:  the  transverse  physical  curvatures  are  negative 
while  the  longitudinal  curvature  remains  positive. 
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The  second  axial  category  is  vector  axial.  This  can  occur  only  in  types  V  and  VII,,.  In 
this  case  the  physical  Ricci  tensor  takes  the  form 

/  -2n2  0  0  \ 

-(3)Rik  =  [  0  -In1  0 

V  o  0  -2  n2 ) 


corresponding  to  uniform  negative  physical  curvature. 

The  skew-axial  case  h  =  —a  occurs  only  in  type  VI,,  (vector  for  0,  non-vector  for 
h  =  0)  with  c  =  0  in  all  cases.  The  physical  Ricci  curvatures  are  given  by 

/  2  n2  —  2  na  0 

—  <3,Rlk  =  —  I  —2  na  In2  0 

\  0  0  2(n2  +  a2 ) 

This  can  be  “super  diagonalized"  by  a  n/4  radian  rotation,  and  it  can  be  written: 


-,3,R 


ik 


1  -  l/n0  0  °  \ 

0  1  +  1/wo  0 

0  0  1-|-  1/uq  J 


where  n0  is  a  constant  which  can  take  on  values  from  zero  to  infinity.  In  general, 
curvatures  are  negative  except  one  transverse  curvature  making  a  45°  angle  with  the  a 
and  b  directions.  It  will  be  positive  Gaussian  curvature  if,  0  <  n0  <  1. 

This  bisecting  direction  between  a  and  b  seems  to  have  special  significance  also  for  the 
vector  axial  cases,  because  by  rotating  through  n/4  about  the  3-direction  we  can 
superdiagonalize  the  metrics,  i.e.  have  them  not  only  diagonal  in  the  e  forms  but  also 
in  coordinate  differentials  dxj,  dx2,  dx3.  The  metric  for  the  skew-axial  type  VI  is 
already  in  this  form  because  fi  =  a  and  the  spatial  metric  becomes 

/1+*V  ,  2 

\  )  {dXl)  CexP  ( -  2^i)  (dx2)2  -h  exp  ( —  2/cxJ  (dx3  )2  ] 


1  +k' 


exp(2cr)(dx,  )2  4-  2  exp  (2<r, )  [exp  ( -  2x, )  (dx2  )2 


T  exp  ( —  2/cx,)  (dx3)2], 

where  k  is  a  constant  parameter  which  is  related  to  n0  by 
n0  =  (1  +fc)/(  1  -k). 

If  k  =  0.  n0  =  1,  Type  VI  becomes  Type  III. 

The  metric  for  Type  V  is  also  automatically  in  superdiagonal  form.  As  we  have  stated 
LI™!™  !  '“'ng  V.eC,0r  aX'al  ,>f>es  VM  can  also  he  brought  to  this  form 

scale 


■  »  vv  l  I  U  A  1  d 

Upon  making  a  tt/4  rotation  about  the  x,  axis  (e'"d,rection)  followed  by  a  change  of 


A  0 
0  X\~A2 

0  0 


0 

0 

i  +  a 


0  0  \  /*. 

1/^2  l/v/2  (  Xj 

-l/y/2  l/v/2/  \*J 


old 
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The  Type  VI I  ^  spatial  metric  goes  over  to  the  form 
exp  (2 o)  (dx)2  +  exp  (2<t,  —  2x)  (d y2  -I-  dr2). 

The  strain  rates  and  s,  from  which  o {  and  o2  are  obtained,  depend  on  the  physical 
theory.  In  Einstein's  theory,  with  diagonal  strain  rate  for  spatially  homogeneous 
cosmologies  the  axial  and  skew-axial  symmetric  strain  rates  satisfy  the  algebraic  and 
differential  equations: 

Energy  density:  744  =  {(s,  +  2s)Sj  —  ,3)R/ 4  =  jsi+ss!  —  (3/2) n2. 


Momentum  density:  T43  =  u(s,  —  s). 

Sj  =  2Tlx  +(3)/?11-(2s1+s)s1  +  [-Tr7'+i(s1+2s)s1-(3)R/4], 
s  =  27' 33  +  <3)/?33  —  (2sl  +  s)s  +  [  — TrT  +  |(Sj  -1-25)5!  -(3)R/ 4], 


cases,  except  the  superdiagonalized  VI  (skew-axial)  case,  {i)R2 2  =  (3)/?n  we  must  have 
Tn  =  T22  (except  for  VI,,). 

For  VI  h  in  the  superdiagonalizing  basis  we  have 


In  VI I h  and  V  we  have 

s,  =  ~Ti3  +  n2/2  —  (3/2)  sf , 
s  =  r33  -  2  r,,  +  n2/2  +  js\  ~sls  —  s2. 

as  well  as  n  =  —  sn. 

The  solutions  and  metrics  found  earlier  (Melvin  and  Michalik  1980;  Michalik  and 
Melvin  1980;  Melvin  1975)  are  found  by  solving  these  equations  and  substituting  in  the 
general  expressions  for  the  metrics. 
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1.  Introduction 

C.  V.  Vishveshwara,  in  his  paper  in  this  volume,  referred  to  certain  outstanding 
problems  in  gravitational  collapse  and  the  first  problem  in  his  list  was  “pre-collapse 
configuration  with  rotation".  The  aim  in  the  present  paper  is  to  express  some 
preliminary  procedures  by  which  such  a  configuration  can  be  treated  mathematically. 
The  standard  model  for  spherical  gravitational  collapse  is  given  by  the 
Oppenheimer-Snyder  solution  which  is  mathematically  the  same  as  Friedman's 
solution.  Therefore  in  order  to  introduce  the  effects  of  rotation  the  first  step  would  be  to 
deal  with  a  rotating  system  in  a  cosmological  background  (rscb). 

As  cosmological  background  we  shall  take  either  Einstein  static  universe  or  deSitter's 
static  universe.  One  can  include  the  expanding  universe  background  in  the  above 
scheme  by  using  a  geometry  conformal  to  the  background  geometry  of  Einstein 
universe. 

We  shall,  in  §2  express  background  metrics  in  terms  of  what  we  have  termed  rotating 
spheroidal  coordinates  and  arrive  at  a  general  form  of  the  Riemannian  metric  w  hich  we 
will  use  for  studying  gravitational  fields  of  rscb.  In  §3  we  introduce  the  material  content 
of  rscb  as  a  perfect  fluid  with  a  unidirectional  flow  of  null  radiation  and  derive  the  field 
equations  which  the  gik  of  our  metric  must  satisfy. 

In  §4  certain  very  general  conclusions  following  from  the  field  equations  are  derived 
and  in  the  concluding  section  we  discuss  some  particular  cases. 


2.  Background  metrics 

Geometry  of  Kerr  metric  is  rather  unfamiliar  and  we  begin  with  the  flat  background  of 
Kerr  metric.  Let  us  start  with  the  flat  metric 

d.s2  =  dr2  -  dx2  -  d y2  -  dr2. 

Apply  the  following  transformations,  first  given  by  Kerr, 

x  =  p  cos  /?  -  u  sin  /?,  p  =  r  sin  a 

y  =  p  sin^  +  w cos 0  r  =  rcosa  w  =  asinot 

so  that  (x2  +  y2)/(r2  +  a2) -t-  (r2/r2 )  =  1.  The  surfaces  r  =  constant  are  spheroids.  We 

ma>  call  (r,a,/?)  as  spheroidal  polar  coordinates.  The  flat  metric  now  takes  the  form 
(Vaidya  1977) 

d.s2  =  dr2  -  (dr  -  a  sin2  ad/?)2  -  ( r 2  +  a2  cos2  a)  (da2  +  sin2  ad/?2). 
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We  now  move  from  flat  background  to  cosmological  background.  We  know  that 
Robertson  -Walker  metric  is  conformal  to  Einstein  s  static  universe-metric,  the 
conformal  factor  being  a  function  of  cosmic  time.  Let  us  therefore  begin  with  the  metric 
of  Einstein-Universe  and  apply  Kerr-like  transformations.  The  Einstein  universe  has 
the  metric 


df2  —  dx2  —  d  y2  —  dz2 


(xdx  +  ydy  +  zdz)2 
R2  -  (x2  -I-  y2  -f-  z2)’ 


Apply  the  transformations 


x  =  p  cos  / i  —  w  sin  [1,  p  =  R  sin  —  sin  a, 

R 


y  =  p  sin  p  +  H’  cos  P,  z  =  R  sin  —  cos  a, 

A 


r 

w  =  a  cos  —  sin  a. 

R 


The  metric  transforms  to 


ds2  =  dr2  —  (dr  —  a  sin2  a  dp)2  —  M2 


sin2  a 


-  i 

da2  +  sin2  a  dp2 


M2  =  (R2  —  a2)  sin2  —  +  a2  cos2  a. 

K 


It  may  be  noted  that  we  have  transformed  coordinates  only  in  the  3-space 
t  =  constant  and  have  left  the  cosmic  time  r  of  Einstein's  universe  unaltered.  It  would  be 
useful  to  introduce  a  null  coordinate  u,  but  we  would  not  like  to  disturb  the  use  of 
cosmic  time  as  a  coordinate.  A  null  coordinate  u  is  therefore  introduced  in  place  of  r  by 
the  substitution  r  =  t  —  u,  in  both  cases  (flat  background  as  well  as  Einstein  Universe). 
We  then  find  that  the  flat  background  metric  changes  to 

ds2  =  2(du  +  a  sin2  a  dP)dt  —  (du  +  a  sin2  a  d P)2  —  ( r 2  +  a2  cos2  a) 
x(da2  -I-  sin2  a  d/?2).  r  =  t  —  u. 


The  Einstein  universe  metric  takes  the  form 


ds2  =  2  (du  -I-  a  sin2  a  d/?)df  —  (du  -f  a  sin2  a  d/?)2 

.2  \  -  1 

da2  -I-  sin2  a  dp2 


-AT 


a 4 


1  —  ^  sin2  a 

R2 


M2  =  (R2  —  a2)  sin2  —  +  a2  cos2  a,  r  =  t  —  u. 

R 


From  the  above  metric  we  can  get  the  expanding  universe  background  as 
d.s2  =  exp  [2F(r)]  ds^,  where  ds!  *s  the  above  Einstein  universe  metric,  because  t  is  the 
cosmic  time  of  Einstein’s  universe.  The  coordinate  labels  used  here  are  u,  a,  P ,  t.  We 
recognise  t  as  the  cosmic  time.  Let  us  now  try  to  get  some  physical  meaning  for  the  label 
u.  For  that  purpose  we  do  a  little  exercise  with  Schwarzschild’s  exterior  solution 

ds2  =  ev dt2  —  e_ v  dr2  —  r2  (da2  +  sin2  a)d p2 
2m 

ev  =  1 - ,  m  =■  const. 

r 

Introduce  the  retarded  time  u  in  place  of  t.  The  equation  defining  u  is 
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u  exp  (v/2)  -I-  u  exp  ( —  v/2)  =  0.  z'  =  — , 

a  solution  of  which  will  be  u  =  t+f(r )  with  /'  =  -c"v.  Use  u  as  a  time  coordinate  in 
place  of  t  and  one  gets 

ds2  =  2dudr  +  evdu2  —  r2(da2  +  sin2  a  d/?2), 

which  is  Eddington's  form  of  Schwarzschild  metric. 

But  in  our  scheme  we  use  u  not  in  place  of  t ,  but  in  place  of  r.  And  one  can  do  this 
because  u  is  a  null  coordinate.  We  return  to  a  time-like  coordinate  /  by  the  substitution 
u  =  T—r  and  use  (T,  u,  a,  /i)  as  coordinates,  i.e.,  replace  r  by  7  —  u.  Schwarzschild's 
metric  then  takes  the  form 


2dudT- 


du2  —  r2  (da2  +  sin2  a  d/i2). 


r  =  T—u. 


Since  u  was  the  retarded  time  in  the  original  Schwarzschild  metric  it  continues  to  be  the 
same,  but  now'  it  is  used  in  place  of  r  and  so  we  may  redesignate  it  as  ‘retarded  distance'. 
This  is  the  meaning  of  the  label  u  which  we  use  in  our  rotating  systems.  As  a  comparison 
with  the  above  form  of  Schwarzschid  metric  we  note  that  Kerr  metric  in  the  oordinates 
used  here  will  take  the  form 


d.s2  =  2  (du  +  a  sin2  a  d/7)d 7  — 


1  + 


2m  r 

r2  +  a 2  cos2  a 


(du  +  a  sin2  a  dp)2 


-  (r2  +  a2  cos2  a)  [da2  -I-  sin2ad/?2].  r  =  T  —  u. 


3.  1  he  field  equations 


The  form  of  the  back-ground  metrics  discussed  above  suggest  that  we  seek  to  describe 
the  gravitational  field  of  rscb  by  a  general  metric  of  the  form 

da2  =  exp  (2(p)ds2,  (D 

d.s2  =  2(du  +  g  sin  a  d/7)d t  -  2L(du  +  g  sin  a  d/?)2  -  A/2  (da2  +  sin2  a  dp2), 

<p  =  <p(u.t.  a),  L  =  L(u.t,  a),  M  =  A/(u,f,a),  g  =  g( a).  (2) 

Now  for  the  expanding  universe  background  we  know  that  (p  =  (pit)  and  so  we  can 
incorporate  the  conformal  factor  exp  (2 q>)  in  the  f-coordinate  and  thus  for  considering 
rscb  we  may  put  q>  =  0  without  any  loss  of  generality.  When  we  do  this  our  metric  under 
consideration  becomes  (2)  w  hich  is  the  metric  discussed  in  Vaidya  et  al  ( 1 976).  We  shall 
freely  use  some  geometrical  results  from  that  paper  for  our  purpose  here.  For  example 
for  the  above  metric  (2)  one  uses  tetrads  6a  as  follows: 

0]  =  du  +  0  sin  ad/?.  02  =  M  da,  0 3  =  M  sinad/?,tf4  =  d  t  -  LlV  (3) 

so  that 


d.s2  =  2  0l0A  -  {02)2  -  (03)2. 

j  -mt!  (  artan's  equations  of  structure,  one  can  work  out  the  tetrad  components  R(ah)  of 

he  Ricci  tensor.  These  are  recorded  in  Vaidya  et  al  (1976)  and  we  shall  use  them 
whenever  needed 

We  now  take  the  material  content  of  Rsraas  a  perfect  fluid  with  a  unidirectional  flow 
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of  null  radiation,  the  energy-momentum  tensor  being 
Tik  =  (P  +  P)ViVk  -  pgik  -I-  o vv( wk , 

9ikPvk=  1,  gikw'wk  =  0.  (4) 

Einstein’s  equations  will  then  connect  the  geometry  with  the  material  content  as 

Rik~29ikR  =  -8*7*, 
from  which  one  can  derive  the  relation 


Rik  =  ~  8 *[(p  +  p)ViVk  -\{p-  p)gik  -f-dw.wj  +  A gik.  (5) 

(We  have  added  the  cosmological  constant  A  for  completeness). 

With  the  choice  of  tetrads  (3)  for  the  metric  (2)  we  take  the  tetrad  components  of  the 
vectors  i\  and  w,  as  follows: 


1  (a) 


W 


a 


(1,0, 0,0) 


which  will  satisfy  the  conditions  (4).  We  then  find  from  (5)  that 


R 

R 

R 

R 

R 


on 

(22) 

(44) 

(14) 

(23) 


/' 


(p  +  p)  +  o 


\ 


\lP-n) 


=  R 


(33) 


=  —  871 

—  8n 

—  8n 
=  —  8np 

=  ^  (24)  =  R  (34)  =  R  {l  2)  —  R(\ 


1 


22 


(P  +  P) 


3) 


=  0. 


(6) 


(7) 


The  geometrical  forms  of  the  components  R(ah)  are  recorded  in  Vaidya  et  al  (1976).  It 
is  seen  there  that  /?(22)  =  /?(33)  and  R(2i)  =  0  are  satisfied  identically.  Then  the  four 
equations  (6)  would  give  us  the  four  physical  variables  p,  p,  o  and  2  and  the  four 
equations  (7)  viz. 


R(24)  ~  0,  /?(34)  —  0,  R(i2)  ~  0,  /?(13)  —  0, 

give  us  the  differential  equations  to  determine  the  geometry  through  the  functions  7,  M 
and  g  giving  gik.  Borrowing  the  components  of  R(ab)  from  Vaidya  et  al  (1976)  our  field 
equations  written  explicitly  are 

{M,/M)y-(f/M2)u  =  0,  yda  =  dy,  (g) 

+  (//  M2)y  =  0,  2/=  ga  +  g  cot  ot, 

(/-,  +  MJ  M)y  +  [2Lf/ M2)u  =  0,  (9) 

(Lt  +  MJM)u  —  (2Lf/ M2)y  =  0; 

(a  suffix  denotes  partial  derivative  with  respect  to  the  corresponding  variable:  thus 
Zx  =  dZjdx  etc.). 
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4.  A  general  solution 


The  equations  R,42)  =  0,  R(43)  =  0  are  the  two  equations  (8)  above  and  it  will  be  seen 
that  they  are  partial  differential  equations  for  a  single  function  Z  =J/M  .  Ihe  two 
equations  are  equivalent  to 

ey  =  Usin8  +  (UJU);  0„  =  -  VcosO  -  (Uy/U),  (>°) 

where  0,  =  2Z  and  Ut  =  0,  V  =  U  (u,y).  The  condition  of  consistency  of  (10)  gives  an 
equation  for  U 


V2  log  U  =  U2,  V2 


d '2_  d2^ 

du2  +  dy2 


(ID 


Thus  to  find  Z=J'/M 2  satisfying  fl(42)  =  0,  K(43)  =  0,  one  must  first  solve  the 
C’-equation  (1 1)  and  then  solve  any  one  of  the  two  O-equations  to  get  6  containing  an 
undetermined  function  of  t.  Then  0t  =  2 Z  determines  Z. 

One  can  similarly  solve  the  two  equations  (9)  giving  R( 12)  =  ^<i3>  =  ^  an(^  wnte 

down  an  explicit  form  for  the  function  L  satisfying  them.  However  it  is  possible  to  prove 
some  general  theorems  without  explicitly  solving  (9).  One  can  prove  the  following 
theorems  easily. 

Theorem  1.  I ftf(4,(  =  0,  K(43)  =  0  then  K(44)  will  be  a  constant  or  at  most  a  function  of  t 
only. 

Theorem  2.  If  K(42)  =  0,  K(43)  =  0  and  in  addition  Rn2)  =  0,  K(13)  =  0  then  K(14) 
-  LK(44)  will  be  a  constant  or  at  most  a  function  of  t  only. 


These  theorems  increase  our  faith  that  the  rotating  systems  described  by  this  scheme 
will  have  a  cosmological  background. 

An  explicit  form  for  the  function  L  satisfying  (9)  can  be  expressed  as 


2 L  =  at  U  sin  0  +  b  V  cos 0  —  m  +  2m(M/M), 


(12) 


where  an  overhead  dot  indicates  differentiation  with  regard  to  r,  m  is  an  undetermined 
function  of  t  and  a  and  b  are  undetermined  constants.  The  above  is  not  most  general 
form  of  L  satisfying  (9).  but  it  is  general  in  the  sense  that  we  are  not  using  any  particular 
form  of  Z  =f/M2.  Thus  (12)  satisfies  (9)  whatever  V  satisfying  ( 1 1  )and  6  satisfying  (10). 
For  an  explicit  solution  ( V ,  0)  of  ( 1 1 )  and  (10)  one  can  work  out  M 2  and  then  get  2 L 
satisfying  (9)  which  may  not  be  a  particular  case  of  (12).  Since  our  aim  is  to  present  a 
workable  scheme  we  do  not  go  into  the  details. 

In  the  next  section  we  take  one  such  simple  particular  case  to  illustrate  how'  the 
physical  aspects  of  the  system  can  be  worked  out. 


5.  A  simple  particular  case 

i  =  1  visa  simple  solution  of  the  V -equation  ( 1 1 ).  Then  the  first  of  the  two  ^-equations 
( 10)  will  lead  to  a  simple  solution  tan  0  2  =  y/r  where  r  is  an  undetermined  function  of  u 
and  t.  We  choose  r  =  t  -  u.  Then  |0r  =  -  y/(r2  +  y2)  giving 

z  =  =  -  y/(r2  +  y2)  or  M 2  =  (// -  y)  (r2  +  y2). 

One  can  now  take  L  =  T(r,y).  Then  it  is  a  straight-forward  matter  to  solve  RIX3) 


(13) 
=  0, 
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Ry i3)  =  0,  to  get 

2  L=  1  +  [2mr/(r2  +  y2)]  +k{r2  +  y2),  (14) 

m  and  k  being  undetermined  constants.  (13)  and  (14)  give  the  two  functions  M  and  L 
satisfying  the  field  equations.  The  function  cj(ol)  appearing  through  /  =  f(y)  has 
remained  undetermined  upto  this  stage.  Using  these  explicit  forms  of  M  and  L  one  can 
write  down  explicitly  the  geometric  components  R{ah) ,  one  will  then  find 

K, 44)  =  0,  K(14)  =  3/c,  R{ 22)=  —  3/c  +  [(2  +  4ky2  —  yG)\(r2  +  y2)] 

^di)  =  -2yk[(g2/J')  +  2y]\{r2  +y2). 

In  the  above  we  have  written  G  as  defined  by 

2/G  =  J/2  [(  l/>’2)  +  (/,  //),  ]  +  tyy  -  2- 

Using  equations  (6)  connecting  R(ah)  with  physical  parameters  we  find  that 


8np  =  -3  k  +  A,  &np  =  3  k  -  A,  87W  =  2  yk[{g2/f)  +  2y]  \  (r2  +  >’2) 


along  with  Gy  —  2  —  4/c v2  =  0. 

It  is  clear  that  we  must  choose  k  =  ^A  so  that 

p  =  0,  p  =  0.  87t«r  =  j.vA[(<y2//)  +  2y]|(r2  +  .y2) 

Gy  —  2  —  3  A  )’2  =  0.  (151 


The  last  equation  (15)  will  determine  the  function  g(ct). 

If  A  =  0,  (15)  will  be  satisfied  if /=  —  y  i.e.,  if  g  =  a  sinot,  a  being  a  constant,  and  we 
recover  the  Kerr  metric. 

The  other  simple  case  is  A^  0,  m  =  0.  Then 

A  2  2  r2+y2  1  A 

2L  =  \  +  —  (r2  +  y2)  =  1  4  if  Jj  =  y 

M 2  =  (f/-y)(r2  +  y2).p  =  0 ,p  =  0,  8jkt  =  2y R2 [(y2//)  +  2y]| (r2  +  y2). 


where  g  =  #(a)  or /  =  /(>’)  satisfies 


Gy-2- 


4> 


,2 


R 


=  0. 


(16) 


One  can  interpret  this  simple  solution  as  a  rotating  DeSittar  metric  because  (i)  it 
represents  a  universe  devoid  of  fluid  (p  =  0,  p  =  0),  (ii)  it  reduces  to  the  usual  DeSitter 
metric  when  the  rotation  parameter  g  =  0.  It  has  an  additional  feature  that  the  universe 
is  pervaded  by  a  unidirectional  flow  of  null  radiation  which  arises  solely  due  to  rotation. 
As  a  matter  of  fact  if  one  solves  ( 1 6)  correctly  upto  the  1  st  power  of  1  R  one  can  show 


that 


2a2  (3  cos2 a  -  1) 


2  r2  +  a2  cos2  a 


so  that 


'n/2  (*2n 


0  J 


M2o  sin  adad/?  =  0, 


i.e.  the  net  out-flow  of  null  radiation  across  the  2-space  with  metric  M2(da2  +  sin2  a  f//?2) 
is  zero.  Thus  there  is  no  net  loss  of  energy  due  to  this  flowing  radiation.  The  curved 
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nature  of  space-time  and  the  rotation  introduced  in  it,  together,  so  to  say,  lead  to  a 
churning  of  the  gravitational  energy  in  the  DeSitter  space-time  which  flows  out  from  a 
cone  of  semi-angle  arc  cos  ( 1  /y/3)  and  with  the  axis  coinciding  with  the  axis  of  rotation 
and  returns  through  the  cone  of  semi-angle  arc  sin  (l/y/3)  with  a  perpendicular  axis. 
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§  V  QUANTUM  COSMOUOGY 


INTRODUCTION 

To  the  uninitiated,  the  title  quantum  cosmology  may  appear  puzzling.  Quantum  theory 
is  usually  applied  to  microscopic  systems  whereas  cosmology  deals  with  the  large-scale 
structure  of  the  universe.  How  then  can  the  two  subjects  come  together  in  a  coherent 
way? 

The  papers  presented  in  this  section  answer  this  question  and  attempt  to  describe 
some  of  the  investigations  which  form  part  of  the  developing  subject  of  quantum 
cosmology.  Classical  gravity  as  given  by  Einstein’s  general  relativity  leads  us  to  the  well- 
known  big-bang  cosmologies.  Attempts  at  grand  unification  take  us  to  the  early  history 
of  the  universe  when  it  was  ~  10  “ 36  second  old  (or  young).  As  we  trace  the  history  of  the 
universe  we  find  that  classical  gravity  which  is  reliable  right  down  to  such  early  epochs, 
breaks  down  before  the  big  bang  instant  of  r  =  0  is  reached.  Quantum  considerations 
become  relevant  at  t  ~  10  ~44  second. 

To  what  extent  are  quantum  considerations  important  to  cosmology?  Is  the  classical 
deduction  of  the  existence  of  big  bang  singularity  consistent  with  quantum  ideas?  Do 
stationary  states  of  the  universe  exist?  What  techniques  are  useful  in  arriving  at 
quantitative  conclusions  about  the  quantum  universe?  Such  questions  are  discussed  in 
the  papers  that  follow. 
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1.  Approach  to  quantum  gravity 

Gravity  is  one  of  the  four  basic  interactions  of  physics  known  today.  The  other  three 
interactions  are  the  strong  interaction,  the  weak  interaction  and  the  electromagnetic 
interaction.  Of  these  the  first  two  are  of  short  range,  i.e.  they  are  effective  over  sub¬ 
atomic  distances  of  the  order  10  12  cm.  For  their  discussion  one  is  necessarily  driven  to 
the  use  of  quantum  framework.  The  electromagnetic  interaction  is  of  long  range  and  its 
effects  are  felt  at  macroscopic  level.  The  successes  of  the  electromagnetic  theory  at  the 
classical  level  were  not  sufficient,  however,  for  the  full  understanding  of  its  implications. 
Quantum  electrodynamics  was  necessary  for  understanding  several  phenomena  at  the 
atomic  level. 

Take  for  example,  the  hydrogen  atom.  The  electron  circulating  round  the  proton  in 
the  H-atom  should  not  stay  in  the  same  orbit  if  the  classical  Maxwell-Lorentz 
electrodynamics  is  any  guide.  The  classical  electron  is  expected  to  circulate  round  in 
steadily  smaller  orbits,  ultimately  spiralling  into  the  proton.  The  characteristic  time- 
scale  for  this  to  happen  is  very  small. 


mec 


10 


-  23 


S. 


(1) 


The  quantum  theory  of  the  H-atom  solves  the  problem  satisfactorily.  Instead  of  the 
electron  moving  in  a  continuously  changing  orbit  (as  the  classical  theory  requires)  it 
goes  in  one  of  the  many  discrete  orbits.  These  orbits  are  stationary  and  the  electron  can 
continue  moving  along  a  stationary  orbit  unless  it  is  disturbed  by  outside  agency  or 
unless  it  makes  a  spontaneous  transition  to  an  orbit  of  lower  energy  Quantum  theory 
tells  us  that  even  the  lowest  energy  orbit  is  of  finite  size.  The  characteristic  linear  size  to 
emerge  from  the  quantum  calculations  was 


a 


10-8cm. 


(2) 


More  sophisticated  calculations  show  further  small-scale  effects  such  as  the  Lamb 
*  ’  whlCh  have  been  confirmed  by  experiments.  Thus  by  now  quantum  electro- 

wJTTk  COns,dered  a  "ell-established,  indeed  the  best  understood,  part  of  physics 
What  about  gravity?  Like  electromagnetic  theory,  gravity  is  a  long-range  interaction 
Can  be  quantized?  Does  i,  have  to  be  quantized  If  so  wha,  new  effects  may  weexZ 

iff^,sofne’lecMrgraVI,y  ?  C*n'heSe  **  meas,Jred  ^  laboratory  experiments  as  the 

,  of  electromagnetic  theory  were  measured  and  established'’ 

U.™n!,nCsfio'  qUe!!i?n  as'de  for  ,he  ,lme  w'"  'orn  our  attention  to  the 

bedX^d  with.n  the  r  T  'hC  reS'  °f  phyS,CS  SU^est  ,ha'  *rav"*  should  also 

discussed  within  the  quantum  framework.  A  rule  of  the  thumb  for  deciding  when  the 
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quantum  framework  is  relevant  is  the  one  suggested  by  Dirac  (1935).  This  is  as  follows. 

Consider  the  classical  action  d  describing  any  physical  interaction.  The  classical 
behaviour  of  the  interaction  is  given  by  the  principle  of  stationary  action 

cW  =  0.  (3) 

For  such  a  theory  the  quantum  considerations  become  important  if  in  the  relevant 
space-time  region  i  the  quantity  of  action  becomes  comparable  to  or  less  than  h: 


<  h. 


(4) 


Let  us  apply  these  considerations  to  the  Einstein-Hilbert  action  of  general  relativity 


4 


.V  = 


16ttG 


R  J  -g d4x. 


(5) 


Suppose  in  a  spherical  region  of  radial  size.  L  the  average  density  is  p.  Taking  the  time 
interval  to  be  L/c  we  get  for 


_4 


16ttG 


8  nG 
~A~  lH 


2  4n  .  L  2  7r 
'2  T  L3—  =  —  pL*c. 
3  c  3 


(6) 


where  we  have  used  the  Einstein  equations  to  estimate  R  in  terms  of  p.  In  a  case  of  strong 
gravity  we  would  have  the  black  hole  limit: 


,  ^  2G  4tt  , 

L  > - oL3 

c2  3  9  ’ 


i.e.  pL2  <  3c2/8nG.  (7) 

From  (6)  and  (7)  we  get 

ri  <  L2c3/4G.  (8) 

Therefore  the  quantum  condition  (4)  becomes  an  upper  limit  on  the  linear  size 

L  -  2  (Gh/c3)112  ~  2Lp,  (9) 

where  Lp  =  (Gh/c3)112  (10) 


is  called  the  Planck  length.  Since  G,  h  and  c  are  the  only  fundamental  constants  available 
to  a  quantum  theory  of  gravity  the  Planck  length  inevitably  turns  up  in  any  approach  to 
quantum  gravity. 

The  smallness  of  Lp  suggests  that  the  quantum  effects  of  gravity  are  not  important  at 
a  microscopic  level.  This  explains  why  unlike  quantum  electrodynamics,  quantum 
gravity  has  not  come  up  with  any  laboratory  experiment.  Indeed  there  is  no 
gravitational  phenomenon  known  today  which  would  cease  to  exist  if  h  were  zero. 
Contrast  this  situation  with  that  in  electrodynamics.  If  h  were  zero,  there  would  be  no 
spectroscopy,  no  Compton  effect,  no  photoelectric  effect . 

Why  then  concern  ourselves  with  a  subject  which  has  no  demonstrable  effect?  The 
justification  for  studying  quantum  gravity  can  be  given  on  two  grounds,  (i)  The  aesthetic 
reason  that  for  completeness  we  should  develop  the  quantized  version  of  gravity.  After 
all  the  approach  to  unifying  different  physical  interactions  is  also  guided  by  an  aesthetic 
motivation,  for  the  so-called  grand  unified  theories  are  really  tested  at  energies  far 
beyond  those  of  any  man-made  accelerators,  (ii)  High  energy  astrophysics  and 
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cosmology  may  provide  scenarios  where  quantum  gravity  becomes  relevant.  We  will 
discuss  two  such  scenarios  in  this  paper. 

Having  established  the  ‘w  hy’,  the  next  question  of ‘how’  is  more  difficult  to  answer. 
Several  different  approaches  to  quantum  gravity  exist,  none  of  them  being  entirely 
satisfactory.  In  this  paper  we  adopt  the  path  integral  approach  which  has  proved  useful 
in  other  areas  of  quantum  theory.  We  begin  with  a  brief  description  of  this  approach. 


2.  I  he  path  integral  formalism 


Let  us  consider  a  simple  problem  in  classical  mechanics,  the  problem  of  the  free  particle 
moving  in  one  dimension.  The  action  describing  this  motion  in  the  Newtonian 
framework  is 


xV  = 


\  nix 2  dt. 


(11) 


Here  m  is  the  mass  of  the  particle,  x  its  displacement  from  origin  at  time  r.  6.x/  =  0  gives 
us  the  equation  of  motion 


mx  =  0.  (12) 

If  we  are  given  that  the  particle  was  at  Pflx^  t  j)  to  start  with  and  at  P2(x2,f2)  to  end 
with,  the  path  of  the  particle  is  uniquely  fixed  as  one  given  by  the  equation 


*<'>  =  x,+*2  (f  —  r, ).  (13) 

for  r,  ^  t  ^  t2.  Denote  this  path  in  the  space-time  diagram  by  T.  and  refer  to  it  as  the 
classical  path. 

A  general  path  from  P r  to  P2  may  be  denoted  by  T,  and  it  is  given  by  a  C2  function  x(t) 
with  x(f , )  =  x,  and  x ( r 2 )  =  x2.  The  action  evaluated  along  T  is  therefore  a  functional  of 
x(0-  We  will  denote  it  by  ,q/(T).  Thus,  we  have 


si/  =  <y(D  = 


w(x2  -x,)2 


(14) 


It  was  Feynman  (1948)  who  gave  a  prescription  which  relates  classical  mechanics  to 
quantum  mechanics  and  which  gives  a  more  precise  expression  to  the  Dirac’s  concept 
described  earlier.  The  Feynman  rule  is  to  attach  a  probability  amplitude  ^>(T)  to  each 

path  f  from  P,  to  P2  and  to  define  a  propagator  K[P2 ;  P,]  as  a  sum  of  ^(T)  over  all 
paths  T.  Thus  we  have 


.#(T)  =  exp 


'«sa/(F) 


(15) 


*[p2:P,]  =  X^<n. 


(16) 


The  sum  over  paths  is  in  practice  an  integral  over  the  contmuum  of  all  paths  In  the 

particular  case  of  the  free  part.cle  the  path  integral  can  he  exphcitly  evaluated  to  g.ve  for 

«2  >  t, 


im 


1  12 


2 h(t2  -  t,)n 


exp  - 


im(x 2  Xj  )2  | 

2 h(t2-tx)  (' 


(17) 
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K  =  0  for  t2  <  tx.  Thus  all  paths  are  supposed  to  be  future  directed. 

The  two-point  function  gives  the  probability  amplitude  for  the  particle  to  be  at  P2 
given  that  it  was  at  Px.  Quantum  mechanically  speaking  we  no  longer  have  a  unique 
path  to  go  from  Px  to  P2.  All  paths  T  contribute  towards  K  which  describes  the  overall 
effect  of  interference  of  probability  amplitudes  along  the  different  paths.  The  fact  that 
we  cannot  definitely  say  which  path  the  particle  took  from  Px  to  P2  is  indicative  of  the 
lack  of  determinism  in  the  quantum  framework. 

The  quantum  uncertainty  principle  tells  us  that  we  cannot  even  assert  definitely  that 
the  particle  was  at  Px  or  that  it  will  be  at  P2.  All  we  can  say  is  that  there  was  a  probability 
amplitude  ip(xx,  tx)dxx  that  it  was  in  the  range  (x1?  xx  -t -dxx)  at  tx  and  that  similarly 
'l'(x2,t2)dx2  describes  the  probability  amplitude  for  the  particle  to  be  in  the  range 
(x2,  x2  -I-  dx2)  at  t2.  The  functions  </>  are  called  wavefunctions  and  they  are  related  by  the 
propagator  K  as  follows: 


iA(x2,r2) 


'  oo 

K[x2,t2;xx,tl']\l/(xx,tx)dxl. 

J  —  00 


(18) 


This  interpretation  follows  directly  from  Feynman’s  rule  of  sum  over  paths. 

Let  us  consider  now  the  ‘classical  limit’  implied  by  h  -*•  0.  In  this  limit  the  exponential 
in  ( 1 5)  oscillates  on  the  unit  circle  |  JP  |  =  1  with  great  rapidity  so  that  with  the  exception 
of  a  few  paths  the  contributions  of  all  paths  tend  to  cancel.  The  exceptional  paths  lie  in 
the  neighbourhood  of  the  classical  path  T  along  which  6  s/  =  0.  For,  by  virtue  of  the 
stationarity  of  action  the  paths  near  T  contribute  the  same  value  of  the  exponential  and 
these  contributions  add  coherently  to  give 


K-+K  ~  exp  {is/ (T)/h},  (19) 

as  h  — ►  0.  This  explains  why  the  classical  principle  of  least  action  holds  in  the  classical 
limit. 

Consider  next  the  application  of  (18)  to  the  stationary  wavepacket.  We  may  idealize 
the  wavepacket  by  the  wavefunction 

ip(xx,tx\Ax)  =  (27tAi)~  1/4  exp  j  —  ^2  j’  (20) 

where  A,  is  a  constant  showing  the  characteristic  spread  of  the  wavepacket  at  t  =  tx. 
The  probability  of  finding  the  particle  at  +dxx ]  is  given  by  the  Gaussian 

\iJ/(xxjx\Ax)\2dxx  =  (27rA?)“1/2exp|-^2|^x1,  (21) 


with  the  mean  position  at  the  origin  x,  =0.  We  will  have  occasion  to  use  such  a 
Gaussian  wavepacket  in  later  work. 

Applying  ( 1 8)  to  (20)  gives  us  another  wavepacket  at  t2.  The  probability  in  (2 1 )  is  then 
given  by 

|i^(x2,f2|A2)|2  dx2  =  (27rA2)_1/2exp|-^j^x2,  (22) 

where  A2  =  A2  + 


4m2  A  \ 


(23) 
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Thus  (23)  shows  that  the  wavepacket  steadily  spreads  around  the  mean  value  x2  =  0.  In 
other  words,  the  quantum  uncertainty  grows  with  time  albeit  at  a  steady  rate. 

We  will  find  the  above  concepts  useful  when  considering  the  role  of  quantum 
uncertainty  in  the  description  of  space-time  geometry.  The  above  example  from 
mechanics  can  evidently  be  generalized  and  in  principle  applied  to  any  system 
describable  by  the  action  principle.  Such  applications  may  be  found  in  the  book  by 
Feynmann  and  Hibbs  (1965). 

Two  results  from  the  path  integral  theory  will  be  used  in  our  applications  to  quantum 
gravity.  The  first  result  gives  a  generalization  of  the  simple  example  described  above  and 
is  stated  as  follows.  Suppose  the  action  is  of  the  following  form: 

r<2 

.V  =  [a(r)x2  +  2{fi{t)  +  y{t)x}x  +  A(t)x2 +  2g(t)x  +  v(t)~\dt  (24) 

J  i , 

and  suppose  that  the  solution  of  S.a/  =  0  gives  us  the  classical  path 

T:x  =  x{t).  (25) 


It  then  follows  that  the  propagator  is  given  by 

K[*2>f2;*iTi]  =/(?!  ,f2)exp  {istf[x(ty\/h} 


(26) 


Thus  so  long  as  the  action  is  quadratic  in  x,x  the  resulting  path  integral  is  explicitly 
solvable.  The  function/(fj,  t2)  is  usually  determinable  from  the  transitive  property  of 
the  propagator: 

r  oo 


K03,r3;xi,fi]  =  K[x3  T3;x2,r2]X[x2,r2;x1,r1]i/x2. 


(27) 


J  -  00 


The  second  result  is  the  relationship  between  the  path  integration  and  the 
Schrodinger  equation.  If  we  introduce  potential  functions  in  the  action  and  construct  a 
hamiltonian  H(x.pj)  for  the  position  (x)and  momentum  (p)  variables  then  the  function 
K  satisfies  the  Schrodinger  equation 


K  [X2,t2,  Xj ,  fj  J  —  S  (x2  X  j  ). 


(28) 


The  wave!  unction  \p  satisfies  the  source-free  form  of  the  above  equation.  The  stationary 
states  are  given  by  the  eigen-states  of  the  energy  operator  ihd/dt: 


c 


,;i^-</'(x2,r2)  =  Eij/{x2,t2). 


(29) 


The  stationary  state  with  the  wavefunction  <p(x2)  exp  ( -iEt2/ti)  has  the  energy  E.  The 
function  (p  satisfies  the  differential  equation 


//</>  =  E<p. 


(30) 


3.  I  he  ihin  sandwich  and  superspace 

The  classical  equations  of  general  relativity  are  derived  from  the  action 


V  = 


16;rG 


dtx  +  . c*r 


(31) 
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where  R  =  scalar  curvature  and  is  the  action  describing  the  matter  present  in  the 
space-time  region  Y.  The  Einstein  equations 


1 

Rik~  2^ik^  ~  ~ 


8ttG 

4~  Tik  > 
c 


(32) 


follow  from  the  variation  gik  -+  gik  -I-  Sgik  of  the  space-time  metric  tensor. 

We  will  denote  the  classical  solution  of  these  equations  with  prescribed  boundary 
conditions  by  the  metric  tensor  gik.  How  can  we  bring  path  integration  into  this 
picture?  What  are  the  ‘points’  which  these  paths  are  supposed  to  connect? 

The  points  are  3-geometries  (3)l^  in  an  abstract  ‘superspace’.  To  understand  the 
concept  imagine  a  region  Y  of  space-time  sandwiched  between  two  space-like 
hypersurfaces  Z  t  and  Z2.  If  we  consider  an  arbitrary  space-like  hypersurface  Z  between 
Zt  and  Z2,  we  can  describe  by  the  geometry  on  it,  the  geometry  being  that  of  a  3- 
space.  To  get  the  total  picture  we  need  the  intrinsic  and  the  extrinsic  curvatures  at  any 
point  on  Z.  Alternatively,  given  two  3-geometries,  (3)<£1,  on  Zt  and  (3)^2  on  ^2  the 
Einstein  equations  determine  (supposedly  uniquely)  the  sequence  of  3-geometries  from 
Zj  to  Z2  along  such  intermediate  space-like  hypersurfaces  as  Z.  For  a  full  description  of 
the  boundary  value  problem  see  Misner  et  al  (1973). 

Quantization  consists  of  imagining  other  sequences  than  the  classical  one,  which  start 
from  a  given  {3)(S 1  on  Zt  and  end  with  a  given  (3)<^2  on  Z2.  Each  sequence  may  be  called 
a  ‘path’  T  and  the  classical  sequence  called  the  path  T.  The  amplitude  along  each  path  is 
then  given  by  Feynman’s  prescription  and  we  end  up  with  the  propagator 


K[(3%,I2>(3%,I1]  =  Xexp[ij/[r]/fi],  (33) 

r 

describing  the  probability  amplitude  of  arriving  at  the  3-geometry  (3)^2  on  Z2,  starting 
from  a  3-geometry  (3)^,  on  Zt. 

The  classical  problem  posed  above  and  its  quantum  counterpart  suffer  from  one 
serious  defect.  The  way  of  specifying  3-geometries  as  initial  and  final  ‘states’  does  not 
always  lead  to  a  solution  or,  when  it  does  so,  the  uniqueness  is  not  guaranteed.  It  was 
pointed  out  by  Isenberg  and  Wheeler  (1979)  that  a  more  satisfactory  specification  of  the 
conditions  on  Z,  and  Z2  is  in  the  form  of  the  conformal  part  of  the  3-geometry  and  the 
trace  of  the  extrinsic  curvature. 

To  understand  what  this  means  consider  any  two  infinitesimal  line  segments  PA,  PB 
drawn  in  Z,  (or  Z2)  at  any  point  P.  The  specification  of  the  conformal  part  of  3- 
geometry  tells  us  the  angle  A  PB  and  the  ratio  of  the  lengths  PA : PB.  The  absolute  scale 
for  length  is  not  specified. 

The  trace  of  the  extrinsic  curvature  specifies  the  rate  of  change  of  the  scale  factor  at 
every  point  of  the  hypersurface.  The  classical  problem  is  specified  uniquely  in  terms  of 
these  initial  (and  final)  values.  In  the  corresponding  quantum  problem,  the  propagator 
K  will  be  accordingly  defined  as  a  sum  over  ‘paths’. 

Although  the  above  prescription  is  concisely  started,  it  is  not  easy  to  translate  into 
practice.  How  do  we  sum  over  paths  in  superspace?  What  is  the  relevant  measure?  Since 
these  questions  are  largely  unresolved,  we  will  adopt  a  more  modest  aim  in  our 
approach  to  quantization. 
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4.  Conformal  fluctuations 


From  a  given  classical  solution  generate  another  geometry  by  a  conformal  trans¬ 
formation 


9,k  =  n2Si  k<  (34) 

where  Q  is  a  general  function  of  space  and  time.  Writing  Q,  =  cQ/dx‘  where  x'  are  the 
co-ordinates  and  using  glk  to  raise  or  lower  suffices  we  get 


* 

J  * 


Rj^gd*x  = 

J  * 


(Q2R-6QlQi){-g}1/2d4x 


4- 


6QQ‘  {  —  g}1 12  d'Ll 


(35) 


Here  the  surface  integral  has  appeared  because  R  contains  second  derivatives  of  the 
metric  tensor.  Normally  the  action  is  supposed  to  contain  only  the  first  derivatives  of  the 
dynamical  variables.  To  ‘remove’  the  unwanted  derivatives  Hawking  and  Gibbons 
(1978)  suggested  that  an  extra  surface  term  be  added  to  the  Hilbert  action,  a  term  whose 
variation  would  cancel  out  the  ‘unwanted’  surface  term  of  (35).  Thus  henceforth  we 
ignore  the  surface  integral  over  dir. 

Notice  that  the  action  (35)  is  quadratic  over  Q,  a  circumstance  which  makes  it 
relatively  easy  [in  view  of  its  similarity  to  (24)]  to  w  rite  down  the  propagator  explicitly. 
The  following  example  is  given: 

In  Friedmann  cosmology,  near  the  classical  big  bang  the  dust  solution  is  of  the  form 
ds2  =  c2dt2  -  (t/t0)4,3[dr2  +  r2(d02  +sin2  6d(p2)'],  (36) 

where  t0  is  a  constant.  The  density  of  matter  is  given  by 

to 

P  =  Poj2'  Po  =  constant.  (37) 


In  this  universe  consider  a  region  of  co-ordinate  volume  l  \  and  write  the  conformal 
departure  from  the  classical  solution  by 


The  propagator  now  describes  the  probability  amplitude  to  go  from  a  state  of  <J>  =  <J), 
on  I  =  I,  to  a  state  of  4>  =  0>2  on  I  =  I2.  How  are  the  surfaces  I„  I2  denoted? 

Of  course  the  Weyl  hypersurfaces  t  =  constant  are  the  natural  choices  for  the  family 
£.  It  is  convenient,  however,  to  define  a  new  time  co-ordinate  t  by 

r  —  r1/3 

T~r  •  (39) 

The  propagator  is  then  given  by 


2  _  2 


3/Tp0T[T 


1/2 


exp  iQ, 


47r/l(T  ,  -  T 2 ) 

^  J  n 

where  O  =  —  -  - 2 - /T?(r  _ 2t  idi2 7r2r2rt)  i 

v  4/7(T]  _  T  )  '  ,,Ti  zt2’^  i  +  ^T,r2(p1q)2  4  (t; 

For  details  see  Narlikar  (1978). 


(40) 


2  T  ,  )  T  2  2  } 


(41) 
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We  will  assume  t2  <  xx  and  study  the  implications  of  this  as  r2  -*  0,  the  so-called 
classical  big  bang.  Using  the  wavepacket  (20)  and  the  relation  (18)  for  the  above 
propagator  leads  to  the  following  analogue  of  (23): 


A 


h 

3VpoC2TiAl 


|3fp0Afc2 


(42) 


Notice  that  A2  diverges  as  t2  -*  0.  Our  stationary  wavepacket  therefore  becomes 
infinitely  dispersed  as  the  classical  singularity  is  approached.  In  other  words,  the 
quantum  uncertainty  becomes  so  large  that  the  classical  solution  ceases  to  have  any 
significance. 

This  result  was  advanced  as  a  conjecture  by  Hoyle  and  Narlikar  (1970).  More 
specifically  these  authors  had  argued  that  the  nonclassical  cosmologies  (T^  T)  may 
permit  horizonless  models.  The  presence  of  a  particle  horizon  in  the  classical  Friedmann 
cosmology  has  always  been  something  of  an  embarrassment.  For,  a  particle  horizon 
inhibits  the  transmission  of  physical  signals  over  arbitrarily  large  distances  and 
therefore,  it  is  not  possible  to  argue  that  the  homogeneity  presently  observed  in  the 
Universe  arose  from  physical  processes,  just  as  one  argues  that  the  early  Universe 
reached  thermodynamic  equilibrium  through  frequent  scatterings.  Attempts  to  obtain 
horizonless  cosmologies  within  the  classical  framework  have  failed.  The  above  quantum 
treatment  shows  that  such  models  can  come  out  of  quantum  cosmology  with  finite 
probability. 

The  above  result  can  be  generalized  to  include  the  conformal  fluctuations  of  a  general 
space-time  manifold  containing  dust  (see  Narlikar  1981).  It  can  be  shown  that  the 
conformal  fluctuations  with  Q  a  function  of  all  four  x',  diverge  at  the  classical  space- 
time  singularity  provided  the  Green’s  function  of  the  scalar  wave  operator 


O  +  iR.  (43) 

diverges  at  the  singularity.  Plausible  arguments  and  explicit  demonstrations  in  specific 
(but  fairly  general)  scenarios  show  that  such  a  divergence  does  occur.  Therefore,  we  have 
every  reason  to  believe  that  quantum  fluctuations  diverge  at  the  classical  space-time 
singularity. 
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Discussion 

B.  R.  Iyer :  (1)  If  one  considered  the  nonconformal  fluctuation  could  there  be  a 
cancellation  of  the  divergences?  (2)  Within  this  formalism  what  is  the  ‘Vacuum’  state  in 
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particle  physics  sense?  Can  you  say  something  on  its  transformation  under  coordinate 
or  conformal  transformations? 

J.  V.  Narlikar:  (1)1  would  be  very  surprised  if  such  a  cancellation  were  to  occur.  (2)  In  a 
certain  sense  the  conformal  function  behaves  like  a  scalar  field  in  curved  space  time. 

N.  Dailhich:  In  the  stellar  collapse,  will  not  event  horizon  and  global  hyperbolicity  etc. 
make  things  difficult? 

J.  V.  Narlikar:  They  might  do.  If,  however,  one  limits  the  space-time  to  the  interior  of 
the  collapsing  dust  ball,  there  are  no  such  difficulties. 


Stationary  states  in  quantum  cosmology 
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1.  Concept  of  singularity-classical  vs  quantum 


Classical  Einstein  equations  lead  to  singularities  (Hawking  and  Ellis  1973).  The 
‘singularity  theorems’,  proved  in  the  sixties,  acclaiming  the  existence  of  singularities 
under  very  general  considerations,  have  robbed  physics  of  its  predictive  power. 

Classically,  singularity  is  an  event  with  infinitely  large  gravitational  forces.  Can  one 
trust  classical  gravity  under  these  bizarre  conditions?  An  elementary  dimensional 
analysis  shows  that  quantum  effects  are  important  when  gravity  varies  over  regions  of 
the  size  of  Planck  length. 


Lp  =  (Gh/c3)112. 


(1) 


In  other  words,  one  has  to  re-examine  the  classical  singularity  theorems  from  a 
quantum  mechanical  point  of  view. 

How  can  this  be  done?  Admittedly,  we  do  not  have  today  a  theory  for  quantum 
gravity.  Thus  it  is  imperative  that  we  attack  the  problem  in  two  steps:  First  of  all  one 
should  see  how  the  quantum  fluctuations  affect  the  classical  picture  given  above.  One 
should  then  produce  an  alternative  (quantum  description)  to  the  classical  scenario. 

Both  these  stages  can  be  accomplished  by  treating  the  conformal  part  of  the 
spacetime  as  a  quantum  variable.  This  method,  elucidated  in  the  paper  by  Narlikar 
(1983)  (hereafter  referred  to  as  I),  involves  computing  the  path  integral  kernel. 


k  [Q2r2;n1 1 ,  ] 


exp  -  .c/  [Q] 
h 


using  the  expression  for  the  action. 


(2) 


V[Q] 


16ttG 

%)  i 


sj^gd'x  [6Q'Q,  -  Kfi2]  +  ^m 


(3) 


Here  .a/m  denotes  the  action  for  the  matter  part.  The  study  of  quantum  fluctuations  in  a 
singular  spacetime,  using  (2)  and  (3)  leads  to  the  following  general  result:  The  quantum 
conformal  fluctuations  diverge  at  a  classically  singular  event  in  a  spacetime 
(Padmanabhan  and  Narlikar  1982).  As  discussed  in  I,  this  requires  a  revision  of  our 
classical  concept  of  singularity. 

Having  thus  tackled  the  first  part  of  the  analysis,  it  is  necessary  to  introduce  an 

alternative  formalism  for  classical,  geometrical  description  of  singularities.  This  will  he 
our  concern  in  this  paper. 

What  are  the  viable  courses  open  for  us?  It  is  probably  not  out  of  place  to  discuss  a 
similar  dilemma  laced  by  classical  physics  at  the  turn  of  this  century.  Classical  phvsics 
pte  ic ted  the  collapse  of  an  atomic  electron  into  the  nucleus  in  an  exceedingly  small 
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interval  ot  time.  This  crisis  was  averted  by  quantum  theory.  Confining  the  electron  too 
close  to  the  atomic  nucleus  makes  the  momentum  (and  hence,  energy)  fluctuations 
diverge.  Thus  there  arose  the  concept  of  a  ‘stationary  state’  for  the  atomic  electron  in 
w  hich  the  quantum  fluctuations  stop  the  classical  collapse.  As  a  consequence  there  is  a 
definite  nonzero  lowerbound  on  the  electron’s  orbital  radius. 

This  suggests  the  possibility  of  “stationary  states  for  the  spacetime  geometry”.  Could 
it  be  that  the  quantum  fluctuations  lead  to  a  lower  bound  in  the  scale  of  a  collapsing 
universe?  We  shall  show,  in  the  sequel,  that  this  is  indeed  true.  The  quantum  structure  of 
the  collapsing  universe  is  almost  similar  to  the  quantum  structure  of  hydrogen  atom! 

2.  Basie  formalism 


Classically,  a  particle  is  described  by  the  trajectory  q(t)\  quantum  mechanically,  by  a 
probability  amplitude  i p(q,t).  In  between  these  two  extremes  lies  the  ‘correspondence 
principle  limit'  where  the  expectation  values. 


<</"> 


dqil/*(q)qn\Jy(q), 

* 


(4) 


can  be  used  as  a  bridge  between  the  two  descriptions.  The  correspondence  principle 
limit  tor  our  quantum  gravity  model  is  quite  simple.  It  is  characterised  by  the  ‘effective 
metric’, 


9$=  <^2  >£/,*• 


(5) 


Consider,  for  example,  the  closed  Friedman  model  (discussed  in  I)  with  a  background 
metric. 


ds2  =  dr  -  S2(t) 


dr 2 

\~kr2 


T  r2  (d 02  +  sin2  0d(p2) 


(6) 


The  effect  of  quantum  fluctuations  is  to  replace  the  classical  scale  factor  S(t)  by, 

S2en(t)=  <Q2>S2(0-  (7) 


A  direct  computation  shows  that, 

S2ff(f)  ->■  L2  as  t  ->  0.  (8) 

(This  is  to  be  contrasted  with  the  fact  that  S2  -►  0  as  t  ->  0,  leading  to  the  singularity.) 
Thus  the  quantum  fluctuations  indeed  lead  to  a  lower  bound  in  the  length  scale. 

It  is  the  study  of  this  example  that  motivated  the  concept  of  stationary  states.  The 
mathematical  formalism  is  easy  to  arrive  at,  once  we  remember  that,  the  stationary 
states  exist  only  for  time-independent  Hamiltonians.  Thus  one  has  to  treat  the  total 
conformal  factor  as  the  quantum  variable  in  any  static  background  metric.  From  the 
expression  for  action  in  (3)  one  can  write  down  the  Hamiltonian  for  the  system,  the 
eigen  states  of  which,  give  the  stationary  states.  We  shall  now  present  some  examples  of 
this  formalism. 


3.  Examples  of  stationary  states 

We  shall  begin  with  the  simplest  case:  conformal  fluctuations  about  a  vacuum 
background. 
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d52  =  <Q2(x)>dsL. 

The  action  for  the  conformal  part  has  the  simple  form. 


(9) 


sJ  = 


3 

8 nG 


(0,0')d4x, 


(10) 


of  a  negative  energy  scalar  field.  This  system  can  be  quantised  by  the  standard  technique 
(Feynman  and  Hibbs  1965).  Put 


0(x,r) 


ak(r)exp(/k  x) 

J 


d3k 

(2^? 


(ID 


to  reduce  the  action  to  the  form. 


s/  =  — 


8ttG 


’  d 3  k 
(2tt? 


dr[|dk|2-|k|2|ak|2] 


fi 


(12) 


This  is  the  action  for  a  set  of  harmonic  oscillators  each  of  which  can  be  quantised  by  the 
standard  techniques.  Most  important  among  the  stationary  states  is  the  ‘vacuum  state' 
in  which  all  the  harmonic  oscillators  are  in  the  ground  state.  It  is  straightforward  to 
derive  the  wave  functional,  for  the  ‘ground  state  of  the  gravitational  field'  as. 


t//[0(x )]  =  N  exp 


3  1 

8tt  L2 

p  J 


r 


d3xd3v 


J 


V  fi  VvQ  ) 

J 


(13) 


It  is  easily  seen  that  violent  fluctuations  of  geometry  can  exist  over  regions  of  the  size 
~  l  p-  This  vacuum  functional  gives  the  mathematical  characterisation  of  the  ‘space- 
time  foam'  concept  at  small  distances. 

As  a  next  example,  consider  a  homogeneous  isotropic  space-time  of  the  form. 


d.s2  =  <Q2(r)> 


d  t2  — 


d  rd 


—  r2  {dO2  +  sin2  ft  d  cp2) 


1  —  r2 /a2 


(14) 


(because  of  symmetries  Q  cannot  depend  on  the  space  coordinates).  The  action  takes 
the  form. 


V  =  -  \  M 


rt  2 


df[</2-wV]  +  .C3/ 


(15) 


where  (with  c  =  1 !) 


q  =  aQ ;  co  =  c/a ;  M  =  l  c2/Ga2.  (16) 

In  these  expressions  I  may  be  taken  to  be  the  proper  volume  of  the  background  three 
space.  Before  proceeding  further  one  has  to  decide  the  form  of  the  source.  Classically 
ihe  universe  is  radiation-dominated  near  the  singularity.  In  order  to  maintain  a  close 
parallel  we  shall  assume  to  arise  from  isotropic  radiation.  This  has  the  advantage 
that  because  of  conformal  invariance,  is  independent  of  q  and  can  he  dropped 
Ihe  action  in  (15)  leads  to  the  simple  classical  solution. 

0(0  sin  o )t,  (17) 

hich  correctly  represent  the  classical  radiation-filled  universe.  Quantum- 
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mechanically,  we  have  the  ‘stationary  state’  equation. 


h2  d2\j/ 
2  M  dq2 


-I-  }  Mci)2q2ijj  =  Elf/, 


(18) 


which,  ot  course,  represent  a  quantum  oscillator  of  mass  M  and  frequency  co.  The 

stationary  states  are  parametrized  by  the  integer  n  =  0,  1,  2, _ The  quantum 

geometry  in  the  nth  stationary  state  is  described  by  the  metric, 


ds2  =  L2p{n  +  y)[d>/2  -d/2  -sin2*(d02  +  sin2  0d<p2)].  (19) 

The  lowerbound  at  Planck  length  is  obvious. 

How  can  one  connect  up  such  a  ‘strange’  quantum  metric  with  the  classical  universe 
we  know  ot  ?  This  strangeness  can  be  removed  by  noticing  the  fact  that  quantum  theory 
replaces  the  definite  trajectory — via  an  expansion  factor — by  a  probability  distribution. 
F or  large  enough  n,  we  know  from  the  study  of  harmonic  oscillator  wave  functions  that 
1 1 Pn(q)\2  has  a  classical  profile. 

There  is  another  way  of  regaining  the  classical  limit.  One  can  take  the  universe  to  be  in 
such  a  state  that  )  ~~  sin  cot  (the  classical  evolution).  For  harmonic  oscillator  there 
exists  a  set  of  states  called  “coherent  states”  which  has  this  property.  One  can  take  the 
universe  to‘be  in  a  state  ip(q,t)  with  a  probability  density, 

a2 

\[j/(qj)\2  =  N  exp  y  (q-Qo  sin  w02-  (20) 

The  coherent  states  have  the  remarkable  property  that  the  dispersion  does  not  spread 
with  time  (“non-spreading  wave  packets  with  classical  mean”).  The  quantum  geometric 
in  this  state  is  described  by  the  metric, 

ds2  =  (<7o  sin2  *1  +  L2)[dq2  -  d/2  -  sin2  *(dfl2  T  sin2  0d<p2)].  (21) 

Notice  that  when  h  ->  0  this  metric  goes  over  to  the  standard  classical  solution. 
However,  near  the  classical  singularity  (q  ~  0),  the  quantum  effects  lead  to  a  lower 
bound  \_q(q  =  0)  =  Lp~\. 

One  might  legitimately  ask:  what  is  the  present  quantum  state  of  the  universe?  Is  the 
universe  in  the  stationary  state  or  in  a  coherent  state  or  is  it  in  some  other  curious 
mixture? 

At  this  stage  it  is  impossible  to  provide  a  complete  answer  to  such  a  question.  In  fact 
one  has  to  make  sure  that  the  questions  are  meaningful.  Quantum-mechanically  the 
state  of  a  system  becomes  well-defined  only  after  a  measurement  has  been  made  on  the 
system.  Thus  one  should  attribute  some  meaning  to  the  concept  of  “measurement  of  the 
state  of  the  universe  by  an  observer”.  At  this  preliminary  level  it  is  difficult  to  make  any 
definite  statement  regarding  this  deep  conceptual  question. 

To  summarize,  we  have  demonstrated  the  existence  of  definite  stationary  states  for 
the  conformal  factor  in  the  closed  Friedman  universe.  These  states  give,  in  some  sense,  a 
partial  “explanation”  for  the  avoidance  of  the  singularities. 

Are  these  stationary  states  a  special  feature  of  the  Friedman  universe?  The  answer 
seems  to  be  ‘no’.  All  the  homogenous  relativistic  cosmological  models — the  Bianchi 
types — exhibit  these  features  we  have  discussed  above  (Padmanabhan  1982).  In  that 
sense  one  may  consider  the  concept  of  ‘stationary  states  for  the  geometry'  to  be 
sufficiently  general. 
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4.  Towards  a  more  complete  theory 


In  the  previous  section  we  have  separated  the  space-time  metric  into  a  conformal  part 
and  a  background  part.  The  conformal  part  was  quantised  and  it  was  shown  that  it  leads 
to  the  correct  classical  limit.  But  what  about  the  background  metric?  A  complete  theory 
of  quantum  gravity  must  determine  both  the  conformal  and  the  background  parts 
without  any  external  input. 

In  this  section,  we  shall  present  a  possible  generalization  of  the  previous  formalism  to 
take  care  of  the  background  metric.  This  formalism  seems  to  possess  some  interesting 
features  peculiar  to  quantum  gravity. 

Let  us  begin  by  examining  the  classical  theory.  In  the  standard  Einstein  action. 


1 

,c/  = - 

16ttG 


X  + 


(22) 


Let  us  substitute  gik  =  &(x)gik  and  vary  both  and  ft  &  gik  as  independent  quantum 
variables.  This  leads  to  the  equations, 


(Q2)(Rik-jgikR)  +  6tik  + 


16  nG  8(LmSf^-g) 


<n 2>y^-  v* 


=  0. 


□  ft  +  £R Q  = 


8*G  1  _ikS(  LmSf^g) 

3n>  3 


(23) 

(24) 


where  tik  =  —  diQdkQ  +  \gik(daQdaQ).  It  is  trivial  to  show  that  these  equations  are 
identical  to  the  standard  Einstein  equations. 

Our  previous  discussions  dealt  with  the  quantum  version  of  (24)  ( i.e .  we  dealt  with  the 
action  in  (22)  with  ft  as  the  quantum  variable).  It  is  clear  that  the  background  metric  can 
be  determined  through  (23)  which  we  have  not  considered.  Since  functions  of  ft  appear 
in  (23)  we  have  to  use  the  expectation  values  to  obtain  a  c-number  equation.  Thus  our 
‘hybrid'  theory  is  based  on  the  following  rules: 

(a)  Treat  ft  as  a  full  quantum  variable  in  the  background  metric  glk  i.e.  replace  (24)  by 
the  path  integral  expression  for  the  kernel. 


K[n2.«i] 


^ft  exp  l-  c/  [ft]. 


(25) 


(b)  Replace  (23)  with  the  following  equation  involving  the  expectation  values  of  the 
quantum  variable 


<nJXRu-i«„R>+6 <,„>+(  MMtUyzTi) 

V2V-g 


=  o. 


(26) 


it)  I  xpectation  values  depend  on  the  state  chosen  for  the  geometry.  Make  the 
choice  when  possible — suitably  to  satisfy  the  above  conditions. 

It  turns  out  that  this  version  of  the  theory  is  much  more  restrictive  than  the  classical 

gravity.  Only  certain  forms  of  the  metric  and  matter  variables  are  allowed  bv  (25)  and 
(26). 

For  example,  consider  the  isotropic  homogenous  (I  R  W)  models  discussed  in  the  last 
section  (  lassically  any  amount  of  radiation  will  lead  to  a  Robertson  Walker  universe. 
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Quantum  gravity  does  not  allow  this  latitude.  The  background  metric, 

dr2 

dr2-- - y— j  —  r2(d02  +  sm2  0d(p2)  , 

1  -  r^/a 

with  a  source  of  isotropic  radiation,  (energy  density  £) 


can  satisfy  (25)  and  (26)  only  if  the  following  condition  is  satisfied: 
e  =  g^2  (hc/a4)(n  +  \). 


ds2  =  gikdxldxk  = 


(27) 


(28) 


(29) 


In  other  words  the  energy  density  of  the  source  automatically  comes  out  to  be 
quantised. 

We  know  that  Einstein's  equations  determine  the  classical  dynamics  of  the  source. 
Can  quantum  gravity  follow  this  tradition  and  determine  the  quantum  dynamics  of  the 
source?  This  attractive  possibility  remains  to  be  explored. 

It  is  clear  from  (29)  that  the  equations  dealt  with  are  more  restrictive  than  Einstein’s 
equations.  In  fact,  they  are  so  restrictive  that  a  flat  vacuum  without  matter  is  not  a 
solution  to  these  equations,  because  of  the  <  tik  )  term.  In  other  words  quantum  gravity 
demands  the  existence  of  matter! 

Contrast  this  situation  with  classical  gravity.  Given  a  matter  distribution  Einstein's 
equations  determine  the  evolution  of  matter  and  the  geometry.  But  a  flat  vacuum  (with 
no  matter)  is  a  perfectly  consistent  solution  to  classical  equations.  Thus  Einstein's 
equations  are  silent  as  to  how'  the  matter  came  into  being.  Mathematically,  Einstein’s 
theory  guarantees  the  conservation  of  energy  and  thus  is  incapable  of  creating  matter. 

The  situation  is  different  as  regards  (26).  Notice  that  <  tik )  has  the  form  of  a  negative 
energy  scalar  field.  Since  only  the  contribution  (tik  +  Tik)  is  conserved,  matter  can  be 
created  or  destroyed.  This  arises  near  the  regions  where  the  quantum  fluctuations  are 
important.  Thus  the  above  equations  have  in  them  an  attractive  method  for  creating 
matter  near  the  singularities. 


5.  Conclusion 


What  we  have  presented  is  certainly  not  a  complete  theory  of  quantum  gravity. 
However,  even  at  this  stage,  one  gets  a  glimpse  of  the  rich  structure  of  quantised  gravity. 
Only  further  work  will  decide  how  tenable  this  approach  is  to  quantum  gravity. 
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Discussion 


V.  M.  Rawal :  What  is  the  nature  of  fluctuations  you  consider? 
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T.  Padmanabhan:  The  fluctuations  we  talk  about  are  purely  quantum  mechanical.  They 
may  be  taken  to  be  the  gravitational  analogue  of  the  vacuum  fluctuations  of,  say, 
electromagnetic  field. 

D.  R  Roy :  The  stationary  states  are  Einstein's  universes.  Does  it  imply  that  the 
cosmological  constant  needs  to  be  considered? 

T.  Padmanabhan :  No.  The  solution  is  purely  quantum  mechanical.  When  the  classical 
limit  is  taken  no  cosmological  constant  term  survices. 

J.  R.  Rao:  Is  <ft>  a  scalar? 

T.  Padmanabhan:  Yes. 

J.  R.  Rao:  Is  the  homogenity  of  space  connected  with  the  stationary  states  considered  in 
this  model? 

T.  Padmanabhan:  Stationary  states  can  be  defined  for  a  wide  variety  of  models.  It  is 
related  to  the  existence  of  a  static  background  but  not  directly  to  the  homogeneity. 
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